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Computing Bayes:

Gael M. Martin, David T. Frazier and Christian P. Robert

Abstract. This paper takes the reader on a journey through the history of
Bayesian computation, from the 18th century to the present day. Beginning
with the one-dimensional integral first confronted by Bayes in 1763, we
highlight the key contributions of: Laplace, Metropolis (and, importantly, his
coauthors), Hammersley and Handscomb, and Hastings, all of which set the
foundations for the computational revolution in the late 20th century—Ied,
primarily, by Markov chain Monte Carlo (MCMC) algorithms. A very short
outline of 21st century computational methods—including pseudo-marginal
MCMC, Hamiltonian Monte Carlo, sequential Monte Carlo and the various
“approximate” methods—completes the paper.

Key words and phrases: History of Bayesian computation, Laplace ap-
proximation, Metropolis—Hastings algorithm, importance sampling, Markov
chain Monte Carlo, pseudo-marginal methods, Hamiltonian Monte Catrlo, se-

From Then ‘Til Now

quential Monte Carlo, approximate Bayesian methods.
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Approximating Bayes in the 21st Century

Gael M. Martin, David T. Frazier and Christian P. Robert

Abstract. The 21st century has seen an enormous growth in the develop-
ment and use of approximate Bayesian methods. Such methods produce com-
putational solutions to certain “intractable” statistical problems that chal-
lenge exact methods like Markov chain Monte Carlo: for instance, models
with unavailable likelihoods, high-dimensional models and models featuring
large data sets. These approximate methods are the subject of this review. The
aim is to help new researchers in particular—and more generally those inter-
ested in adopting a Bayesian approach to empirical work—distinguish be-
tween different approximate techniques, understand the sense in which they
are approximate, appreciate when and why particular methods are useful and
see the ways in which they can can be combined.

Key words and phrases: Approximate Bayesian inference, intractable
Bayesian problems, approximate Bayesian computation, Bayesian synthetic

likelihood, variational Bayes, integrated nested Laplace approximation.
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Abstract.  Software tools for Bayesian inference have undergone rapid evo-
lution in the past three decades, following popularisation of the first genera-
tion MCMC-sampler implementations. More recently, exponential growth in
the number of users has been stimulated both by the active development of
new packages by the machine learning community and popularity of special-
ist software for particular applications. This review aims to summarize the
most popular software and provide a useful map for a reader to navigate the
world of Bayesian computation. We anticipate a vigorous continued develop-
ment of algorithms and corresponding software in multiple research fields,
such as probabilistic programming, likelihood-free inference and Bayesian
neural networks, which will further broaden the possibilities for employing
the Bayesian paradigm in exciting applications.
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Abstract. Bayesian models are powerful tools for studying complex data,
allowing the analyst to encode rich hierarchical dependencies and leverage
prior information. Most importantly, they facilitate a complete characteriza-
tion of uncertainty through the posterior distribution. Practical posterior com-
putation is commonly performed via MCMC, which can be computationally
infeasible for high-dimensional models with many observations. In this ar-
ticle, we discuss the potential to improve posterior computation using ideas
from machine learning. Concrete directions are explored in vignettes on nor-
malizing flows, statistical properties of variational approximations, Bayesian
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Diffusion Schrodinger Bridges for Bayesian

Computation

Jeremy Heng, Valentin De Bortoli and Arnaud Doucet

Abstract. Denoising diffusion models are a novel class of generative mod-
els that have recently become extremely popular in machine learning. In this
paper, we describe how such ideas can also be used to sample from poste-
rior distributions and, more generally, any target distribution whose density
is known up to a normalizing constant. The key idea is to consider a forward
“noising” diffusion initialized at the target distribution, which “transports”
this latter to a normal distribution for long diffusion times. The time reversal
of this process, the “denoising” diffusion, thus “transports” the normal dis-
tribution to the target distribution and can be approximated so as to sample
from the target. To accelerate simulation, we show how one can introduce
and approximate a Schrodinger bridge between these two distributions, that
is, a diffusion which transports the normal to the target in finite time.

Key words and phrases: Optimal transport, Schrodinger bridge, score
matching, stochastic differential equation, time reversal.

REFERENCES

ALBERGO, M. S. and VANDEN-EUNDEN, E. (2023). Building nor-
malizing flows with stochastic interpolants. In The Eleventh Inter-
national Conference on Learning Representations, ICLR 2023, Ki-
gali, Rwanda, May 1-5, 2023. OpenReview.net.

ANDERSON, B. D. O. (1982). Reverse-time diffusion equation
models. Stochastic Process. Appl. 12 313-326. MR0656280
https://doi.org/10.1016/0304-4149(82)90051-5

AUSTIN, J., JOHNSON, D. D., Ho, J., TARLOW, D. and VAN DEN
BERG, R. (2021). Structured denoising diffusion models in dis-
crete state-spaces. In Advances in Neural Information Processing
Systems 34: Annual Conference on Neural Information Process-
ing Systems 2021, NeurIPS 2021, December 6-14, 2021, Virtual
(M. Ranzato, A. Beygelzimer, Y. N. Dauphin, P. Liang and J. Wort-
man Vaughan, eds.) 17981-17993.

BARR, A., GISPEN, W. and LAMACRAFT, A. (2020). Quantum
ground states from reinforcement learning. In Mathematical and
Scientific Machine Learning.

BEAUMONT, M. A. (2019). Approximate Bayesian computation.
Annu. Rev. Stat. Appl. 6 379-403. MR3939526 https://doi.org/10.
1146/annurev-statistics-030718-105212

BENTON, J., DE BORTOLI, V., DOUCET, A. and DELIGIAN-
NIDIS, G. (2023). Linear convergence bounds for diffusion
models via stochastic localization. arXiv preprint. Available at
arXiv:2308.03686.

BENTON, J., SHI, Y., DE BORTOLI, V., DELIGIANNIDIS, G. and
DOUCET, A. (2022). From denoising diffusions to denoising
Markov models. arXiv preprint. Available at arXiv:2211.03595.

CAMPBELL, A., BENTON, J., DE BORTOLI, V., RAINFORTH, T.,
DELIGIANNIDIS, G. and DOUCET, A. (2022). A continuous time

framework for discrete denoising models. In Advances in Neural
Information Processing Systems 35: Annual Conference on Neural
Information Processing Systems 2022, NeurIPS 2022 (S. Koyejo,
S. Mohamed, A. Agarwal, D. Belgrave, K. Cho and A. Oh, eds.).

CHEN, S., CHEWI, S., L1, J., L1, Y., SALIM, A. and ZHANG, A.
(2023). Sampling is as easy as learning the score: Theory for dif-
fusion models with minimal data assumptions. In The Eleventh In-
ternational Conference on Learning Representations, ICLR 2023,
Kigali, Rwanda, May 1-5, 2023. OpenReview.net.

CHEN, T., L1u, G. and THEODOROU, E. A. (2022). Likelihood train-
ing of Schrodinger bridge using forward-backward SDEs theory. In
The Tenth International Conference on Learning Representations,
ICLR 2022, Virtual Event, April 25-29, 2022. OpenReview.net.

CHEN, T., RUBANOVA, Y., BETTENCOURT, J. and DUVENAUD, D.
(2018). Neural ordinary differential equations. In Advances in Neu-
ral Information Processing Systems 31: Annual Conference on Neu-
ral Information Processing Systems 2018, NeurIPS 2018, Decem-
ber 3-8, 2018, Montréal, Canada (S. Bengio, H. M. Wallach,
H. Larochelle, K. Grauman, N. Cesa-Bianchi and R. Garnett, eds.)
6572-6583.

CHEN, Y., GEORGIOU, T. and PAVON, M. (2016). Entropic and
displacement interpolation: A computational approach using the
Hilbert metric. SIAM J. Appl. Math. 76 2375-2396. MR3579702
https://doi.org/10.1137/16M 1061382

CHUNG, H., KiM, J., McCANN, M. T., KLASKY, M. L. and
YE, J. C. (2023). Diffusion posterior sampling for general noisy
inverse problems. In The Eleventh International Conference on
Learning Representations, ICLR 2023, Kigali, Rwanda, May 1-5,
2023. OpenReview.net.

Jeremy Heng is Assistant Professor, ESSEC Business School, Singapore 139408, Singapore (e-mail: heng @essec.edu). Valentin De
Bortoli is Research Scientist, Center for Sciences of Data, ENS Ulm, Paris, France (e-mail: valentin.debortoli @ gmail.com). Arnaud
Doucet is Professor, Department of Statistics, University of Oxford, Oxford OXI 3LB, UK (e-mail: doucet@stats.ox.ac.uk).


https://imstat.org/journals-and-publications/statistical-science/
https://doi.org/10.1214/23-STS908
https://www.imstat.org
https://mathscinet.ams.org/mathscinet-getitem?mr=0656280
https://doi.org/10.1016/0304-4149(82)90051-5
https://mathscinet.ams.org/mathscinet-getitem?mr=3939526
https://doi.org/10.1146/annurev-statistics-030718-105212
http://arxiv.org/abs/arXiv:2308.03686
http://arxiv.org/abs/arXiv:2211.03595
https://mathscinet.ams.org/mathscinet-getitem?mr=3579702
https://doi.org/10.1137/16M1061382
mailto:heng@essec.edu
mailto:valentin.debortoli@gmail.com
mailto:doucet@stats.ox.ac.uk
https://doi.org/10.1146/annurev-statistics-030718-105212

DAI1 PRrA, P. (1991). A stochastic control approach to reciprocal dif-
fusion processes. Appl. Math. Optim. 23 313-329. MR1095665
https://doi.org/10.1007/BF01442404

DE BORTOLI, V. (2022). Convergence of denoising diffusion models
under the manifold hypothesis. Trans. Mach. Learn. Res. 2022.

DE BORTOLI, V., MATHIEU, E., HUTCHINSON, M., THORNTON, J.,
TEH, Y. W. and DOUCET, A. (2022). Riemannian score-based gen-
erative modeling. In Advances in Neural Information Processing
Systems 35: Annual Conference on Neural Information Processing
Systems 2022, NeurIPS 2022 (S. Koyejo, S. Mohamed, A. Agarwal,
D. Belgrave, K. Cho and A. Oh, eds.).

DE BORTOLI, V., THORNTON, J., HENG, J. and DOUCET, A. (2021).
Diffusion Schrodinger bridge with applications to score-based gen-
erative modeling. In Advances in Neural Information Processing
Systems 34: Annual Conference on Neural Information Process-
ing Systems 2021, NeurlPS 2021, December 6-14, 2021, Virtual
(M. Ranzato, A. Beygelzimer, Y. N. Dauphin, P. Liang and J. Wort-
man Vaughan, eds.) 17695-177009.

DEMING, W. E. and STEPHAN, F. F. (1940). On a least squares ad-
justment of a sampled frequency table when the expected marginal
totals are known. Ann. Math. Stat. 11 427-444. MRO0003527
https://doi.org/10.1214/aoms/1177731829

DOCKHORN, T., VAHDAT, A. and KREIS, K. (2022). Score-based
generative modeling with critically-damped Langevin diffusion. In
The Tenth International Conference on Learning Representations,
ICLR 2022, Virtual Event, April 25-29, 2022. OpenReview.net.

FOLLMER, H. (1985). An entropy approach to the time reversal of
diffusion processes. In Stochastic Differential Systems (Marseille-
Luminy, 1984). Lect. Notes Control Inf. Sci. 69 156-163. Springer,
Berlin. MR0798318 https://doi.org/10.1007/BFb0005070

FORTET, R. (1940). Résolution d’un systeme d’équations de M.
Schrodinger. J. Math. Pures Appl. (9) 19 83-105. MR0002692

GRENANDER, U. and MILLER, M. 1. (1994). Representations of
knowledge in complex systems. J. Roy. Statist. Soc. Ser. B 56 549—
603. MR1293234

HAUSSMANN, U. G. and PARDOUX, E. (1986). Time reversal of dif-
fusions. Ann. Probab. 14 1188-1205. MR0866342

HENG, J., BISHOP, A. N., DELIGIANNIDIS, G. and DOUCET, A.
(2020). Controlled sequential Monte Carlo. Ann. Statist. 48 2904—
2929. MR4152628 https://doi.org/10.1214/19-A0S1914

Ho, J., JAIN, A. and ABBEEL, P. (2020). Denoising diffusion prob-
abilistic models. In Advances in Neural Information Processing
Systems 33: Annual Conference on Neural Information Process-
ing Systems 2020, NeurIPS 2020, December 6-12, 2020, Virtual
(H. Larochelle, M. Ranzato, R. Hadsell, M. Balcan and H. Lin,
eds.).

HooGEBoOM, E., NIELSEN, D., JAINI, P., FORRE, P. and
WELLING, M. (2021). Argmax flows and multinomial diffusion:
Learning categorical distributions. In Advances in Neural Infor-
mation Processing Systems 34: Annual Conference on Neural In-
formation Processing Systems 2021, NeurIPS 2021, December 6—
14, 2021, Virtual (M. Ranzato, A. Beygelzimer, Y. N. Dauphin,
P. Liang and J. Wortman Vaughan, eds.) 12454-12465.

HUANG, C.-W., AGHAJOHARI, M., BOSE, J., PANANGADEN, P. and
COURVILLE, A. C. (2022). Riemannian diffusion models. In Ad-
vances in Neural Information Processing Systems 35: Annual Con-
ference on Neural Information Processing Systems 2022, NeurlPS
2022 (S. Koyejo, S. Mohamed, A. Agarwal, D. Belgrave, K. Cho
and A. Oh, eds.).

Iacus, S. M. (2008). Simulation and Inference for Stochastic Dif-
ferential Equations: With R Examples. Springer Series in Statis-
tics. Springer, New York. MR2410254 https://doi.org/10.1007/
978-0-387-75839-8

KAPPEN, H. J., GOMEZ, V. and OPPER, M. (2012). Optimal control
as a graphical model inference problem. Mach. Learn. 87 159-182.
MR2914010 https://doi.org/10.1007/s10994-012-5278-7

KAPPEN, H. J. and Ruiz, H. C. (2016). Adaptive importance sam-
pling for control and inference. J. Stat. Phys. 162 1244—1266.
MR3462019 https://doi.org/10.1007/s10955-016-1446-7

KARRAS, T., AITTALA, M., AILA, T. and LAINE, S. (2022). Elu-
cidating the design space of diffusion-based generative models.
In Advances in Neural Information Processing Systems 35: An-
nual Conference on Neural Information Processing Systems 2022,
NeurIPS 2022 (S. Koyejo, S. Mohamed, A. Agarwal, D. Belgrave,
K. Cho and A. Oh, eds.).

KESSLER, M., LINDNER, A. and S@GRENSEN, M., eds. (2012) Statis-
tical Methods for Stochastic Differential Equations. Monographs
on Statistics and Applied Probability 124. CRC Press, Boca Raton,
FL. MR2975799

KINGMA, D. P. and BA, J. (2014). Adam: A method for stochastic
optimization. arXiv preprint. Available at arXiv:1412.6980.

KINGMA, D. P. and WELLING, M. (2014). Auto-encoding variational
Bayes. In 2nd International Conference on Learning Representa-
tions, ICLR 2014, Banff, AB, Canada, April 14-16, 2014, Confer-
ence Track Proceedings (Y. Bengio and Y. LeCun, eds.).

KLEBANER, F. C. (2012). Introduction to Stochastic Calculus with
Applications, 3rd ed. Imperial College Press, London. MR2933773
https://doi.org/10.1142/p821

KULLBACK, S. (1968). Probability densities with given marginals.
Ann. Math. Stat. 39 1236-1243. MR0229330 https://doi.org/10.
1214/a0ms/1177698249

LEGER, F. (2021). A gradient descent perspective on Sinkhorn. Appl.
Math. Optim. 84 1843-1855. MR4304891 https://doi.org/10.1007/
s00245-020-09697-w

LEONARD, C. (2012). From the Schrodinger problem to the Monge—
Kantorovich problem. J. Funct. Anal. 262 1879-1920. MR2873864
https://doi.org/10.1016/j.jfa.2011.11.026

LEONARD, C. (2014). A survey of the Schrodinger problem and
some of its connections with optimal transport. Discrete Con-
tin. Dyn. Syst. 34 1533-1574. MR3121631 https://doi.org/10.3934/
dcds.2014.34.1533

LIPMAN, Y., CHEN, R. T. Q., BEN-HAMU, H., NICKEL, M. and
LE, M. (2023). Flow matching for generative modeling. In The
Eleventh International Conference on Learning Representations,
ICLR 2023, Kigali, Rwanda, May 1-5, 2023. OpenReview.net.

Liu, X., GONG, C. and Liu, Q. (2023). Flow straight and fast:
Learning to generate and transfer data with rectified flow. In The
Eleventh International Conference on Learning Representations,
ICLR 2023, Kigali, Rwanda, May 1-5, 2023. OpenReview.net.

MARIN, J.-M., PupLo, P., ROBERT, C. P. and RYDER, R. J.
(2012). Approximate Bayesian computational methods. Statr.
Comput. 22 1167-1180. MR2992292 https://doi.org/10.1007/
s11222-011-9288-2

MikaMi, T. (2004). Monge’s problem with a quadratic cost by
the zero-noise limit of h-path processes. Probab. Theory Re-
lated Fields 129 245-260. MR2063377 https://doi.org/10.1007/
s00440-004-0340-4

MNIH, A. and GREGOR, K. (2014). Neural variational inference
and learning in belief networks. In Proceedings of the 31th Inter-
national Conference on Machine Learning, ICML 2014, Beijing,
China, 21-26 June 2014. JMLR Workshop and Conference Pro-
ceedings 32 1791-1799. IMLR.org.

MONTANARI, A. (2023). Sampling, diffusions, and stochastic local-
ization. arXiv preprint. Available at arXiv:2305.10690.

MONTANARI, A. and WU, Y. (2023). Posterior sampling from the
spiked models via diffusion processes. arXiv preprint. Available at
arXiv:2304.11449.


https://mathscinet.ams.org/mathscinet-getitem?mr=1095665
https://doi.org/10.1007/BF01442404
https://mathscinet.ams.org/mathscinet-getitem?mr=0003527
https://doi.org/10.1214/aoms/1177731829
https://mathscinet.ams.org/mathscinet-getitem?mr=0798318
https://doi.org/10.1007/BFb0005070
https://mathscinet.ams.org/mathscinet-getitem?mr=0002692
https://mathscinet.ams.org/mathscinet-getitem?mr=1293234
https://mathscinet.ams.org/mathscinet-getitem?mr=0866342
https://mathscinet.ams.org/mathscinet-getitem?mr=4152628
https://doi.org/10.1214/19-AOS1914
https://mathscinet.ams.org/mathscinet-getitem?mr=2410254
https://doi.org/10.1007/978-0-387-75839-8
https://mathscinet.ams.org/mathscinet-getitem?mr=2914010
https://doi.org/10.1007/s10994-012-5278-7
https://mathscinet.ams.org/mathscinet-getitem?mr=3462019
https://doi.org/10.1007/s10955-016-1446-7
https://mathscinet.ams.org/mathscinet-getitem?mr=2975799
http://arxiv.org/abs/arXiv:1412.6980
https://mathscinet.ams.org/mathscinet-getitem?mr=2933773
https://doi.org/10.1142/p821
https://mathscinet.ams.org/mathscinet-getitem?mr=0229330
https://doi.org/10.1214/aoms/1177698249
https://mathscinet.ams.org/mathscinet-getitem?mr=4304891
https://doi.org/10.1007/s00245-020-09697-w
https://mathscinet.ams.org/mathscinet-getitem?mr=2873864
https://doi.org/10.1016/j.jfa.2011.11.026
https://mathscinet.ams.org/mathscinet-getitem?mr=3121631
https://doi.org/10.3934/dcds.2014.34.1533
https://mathscinet.ams.org/mathscinet-getitem?mr=2992292
https://doi.org/10.1007/s11222-011-9288-2
https://mathscinet.ams.org/mathscinet-getitem?mr=2063377
https://doi.org/10.1007/s00440-004-0340-4
http://arxiv.org/abs/arXiv:2305.10690
http://arxiv.org/abs/arXiv:2304.11449
https://doi.org/10.1007/978-0-387-75839-8
https://doi.org/10.1214/aoms/1177698249
https://doi.org/10.1007/s00245-020-09697-w
https://doi.org/10.3934/dcds.2014.34.1533
https://doi.org/10.1007/s11222-011-9288-2
https://doi.org/10.1007/s00440-004-0340-4

(DKSENDAL, B. (2003). Stochastic Differential Equations: An Intro-
duction with Applications, 6th ed. Universitext. Springer, Berlin.
MR2001996 https://doi.org/10.1007/978-3-642-14394-6

PELUCHETTI, S. (2023). Diffusion bridge mixture transports,
Schrodinger bridge problems and generative modeling. arXiv
preprint. Available at arXiv:2304.00917.

ROBERTS, G. O. and TWEEDIE, R. L. (1996). Exponential con-
vergence of Langevin distributions and their discrete approxima-
tions. Bernoulli 2 341-363. MR1440273 https://doi.org/10.2307/
3318418

ROGERS, L. C. G. and WILLIAMS, D. (2000). Diffusions, Markov
Processes, and Martingales, Vol. 2. Cambridge Mathematical Li-
brary. Cambridge Univ. Press, Cambridge. Itd calculus, Reprint
of the second (1994) edition. MR1780932 https://doi.org/10.1017/
CBO09781107590120

RUSCHENDORF, L. (1995). Convergence of the iterative propor-
tional fitting procedure. Ann. Statist. 23 1160-1174. MR1353500
https://doi.org/10.1214/a0s/1176324703

SALIMANS, T. and HO, J. (2022). Progressive distillation for fast sam-
pling of diffusion models. In The Tenth International Conference on
Learning Representations, ICLR 2022, Virtual Event, April 25-29,
2022. OpenReview.net.

SHARROCK, L., SIMONS, J., Liu, S. and BEAUMONT, M. (2022).
Sequential neural score estimation: Likelihood-free inference with
conditional score based diffusion models. arXiv preprint. Available
at arXiv:2210.04872.

SHI, Y., BORTOLI, V. D., DELIGIANNIDIS, G. and DOUCET, A.
(2022). Conditional simulation using diffusion Schrodinger
bridges. In Uncertainty in Artificial Intelligence, Proceedings of
the Thirty-Eighth Conference on Uncertainty in Artificial Intelli-
gence, UAI 2022, 1-5 August 2022, Eindhoven, The Netherlands
(J. Cussens and K. Zhang, eds.). Proceedings of Machine Learning
Research 180 1792-1802. PMLR.

SHI, Y., DE BORTOLI, V., CAMPBELL, A. and DOUCET, A. (2023).
Diffusion Schrodinger bridge matching. arXiv preprint. Available
at arXiv:2303.16852.

SISSON, S. A., FAN, Y. and BEAUMONT, M. (2018). Handbook of
Approximate Bayesian Computation. CRC Press, Boca Raton, FL.

SOHL-DICKSTEIN, J., WEISS, E. A., MAHESWARANATHAN, N. and
GANGULL, S. (2015). Deep unsupervised learning using nonequi-
librium thermodynamics. In Proceedings of the 32nd International
Conference on Machine Learning, ICML 2015, Lille, France, 6-11
July 2015 (F. R. Bach and D. M. Blei, eds.). JMLR Workshop and
Conference Proceedings 37 2256-2265. JMLR.org.

SONG, J., ZHANG, Q., YIN, H., MARDANI, M., L1U, M., KAUTZ, J.,
CHEN, Y. and VAHDAT, A. (2023). Loss-guided diffusion mod-
els for plug-and-play controllable generation. In Proceedings of the
40th International Conference on Machine Learning (A. Krause,
E. Brunskill, K. Cho, B. Engelhardt, S. Sabato and J. Scarlett, eds.).
Proceedings of Machine Learning Research 202 32483-32498.
PMLR.

SONG, Y., DURKAN, C., MURRAY, 1. and ERMON, S. (2021). Max-
imum likelihood training of score-based diffusion models. In Ad-
vances in Neural Information Processing Systems 34: Annual Con-
ference on Neural Information Processing Systems 2021, NeurlPS
2021, December 6-14, 2021, Virtual (M. Ranzato, A. Beygelzimer,
Y. N. Dauphin, P. Liang and J. Wortman Vaughan, eds.) 1415-1428.

SONG, Y., SOHL-DICKSTEIN, J., KINGMA, D. P., KUMAR, A., ER-
MON, S. and POOLE, B. (2021). Score-based generative modeling
through stochastic differential equations. In 9th International Con-
ference on Learning Representations, ICLR 2021, Virtual Event,
Austria, May 3-7, 2021. OpenReview.net.

TZEN, B. and RAGINSKY, M. (2019). Theoretical guarantees for sam-
pling and inference in generative models with latent diffusions. In
Conference on Learning Theory, COLT 2019, 25-28 June 2019,
Phoenix, AZ, USA (A. Beygelzimer and D. Hsu, eds.). Proceedings
of Machine Learning Research 99 3084-3114. PMLR.

VARGAS, F., GRATHWOHL, W. S. and DOUCET, A. (2023). Denois-
ing diffusion samplers. In The Eleventh International Conference
on Learning Representations, ICLR 2023, Kigali, Rwanda, May 1—
5, 2023. OpenReview.net.

VARGAS, F., OVSIANAS, A., FERNANDES, D., GIROLAMI, M.,
LAWRENCE, N. D. and NUSKEN, N. (2023). Bayesian learning
via neural Schrodinger—Follmer flows. Stat. Comput. 33 Paper No.
3, 22. MR4514992 https://doi.org/10.1007/s11222-022-10172-5

VARGAS, F., THODOROFF, P., LAMACRAFT, A. and LAWRENCE, N.
(2021). Solving Schrodinger bridges via maximum likelihood. En-
tropy 23 Paper No. 1134, 30. MR4319496 https://doi.org/10.3390/
e23091134

VINCENT, P. (2011). A connection between score matching and de-
noising autoencoders. Neural Comput. 23 1661-1674. MR2839543
https://doi.org/10.1162/NECO_a_00142

ZHANG, B., SAHAI, T. and MARZOUK, Y. (2021). Sampling via con-
trolled stochastic dynamical systems. In I (Still) Can’t Believe It’s
Not Better! NeurlPS 2021 Workshop.

ZHANG, Q. and CHEN, Y. (2022). Path integral sampler: A stochastic
control approach for sampling. In The Tenth International Confer-
ence on Learning Representations, ICLR 2022, Virtual Event, April
25-29, 2022. OpenReview.net.


https://mathscinet.ams.org/mathscinet-getitem?mr=2001996
https://doi.org/10.1007/978-3-642-14394-6
http://arxiv.org/abs/arXiv:2304.00917
https://mathscinet.ams.org/mathscinet-getitem?mr=1440273
https://doi.org/10.2307/3318418
https://mathscinet.ams.org/mathscinet-getitem?mr=1780932
https://doi.org/10.1017/CBO9781107590120
https://mathscinet.ams.org/mathscinet-getitem?mr=1353500
https://doi.org/10.1214/aos/1176324703
http://arxiv.org/abs/arXiv:2210.04872
http://arxiv.org/abs/arXiv:2303.16852
https://mathscinet.ams.org/mathscinet-getitem?mr=4514992
https://doi.org/10.1007/s11222-022-10172-5
https://mathscinet.ams.org/mathscinet-getitem?mr=4319496
https://doi.org/10.3390/e23091134
https://mathscinet.ams.org/mathscinet-getitem?mr=2839543
https://doi.org/10.1162/NECO_a_00142
https://doi.org/10.2307/3318418
https://doi.org/10.1017/CBO9781107590120
https://doi.org/10.3390/e23091134

Statistical Science

2024, Vol. 39, No. 1, 100-114
https://doi.org/10.1214/23-STS915
This research was funded, in whole or in part, by [EPSRC, EP/SO23151/1]. A CC BY 4.0 license is applied to this article arising from this submission, in accordance with the grant’s open access conditions.

Modern Bayesian Experimental Design

Tom Rainforth, Adam Foster, Desi R. lvanova and Freddie Bickford Smith

(1]

(2]

(3]

(4]

(5]

(6]

(7]

8]

(9]

(10]

(11]

Abstract.

Bayesian experimental design (BED) provides a powerful and

general framework for optimizing the design of experiments. However, its
deployment often poses substantial computational challenges that can under-
mine its practical use. In this review, we outline how recent advances have
transformed our ability to overcome these challenges and thus utilize BED
effectively, before discussing some areas for future development in the field.
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Abstract. 'We identify recurrent ingredients in the antithetic sampling liter-
ature leading to a unified sampling framework. We introduce a new class of
antithetic schemes that includes the most used antithetic proposals. This per-
spective enables the derivation of new properties of the sampling schemes:
(i) optimality in the Kullback-Leibler sense; (ii) closed-form multivariate
Kendall’s T and Spearman’s p; (iii) ranking in concordance order and (iv) a
central limit theorem that characterizes stochastic behaviour of Monte Carlo
estimators when the sample size tends to infinity. The proposed simulation
framework inherits the simplicity of the standard antithetic sampling method,
requiring the definition of a set of reference points in the sampling space and
the generation of uniform numbers on the segments joining the points. We
provide applications to Monte Carlo integration and Markov Chain Monte

Carlo Bayesian estimation.
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Sampling Algorithms in Statistical Physics:
A Guide for Statistics and Machine Learning

Michael F. Faulkner and Samuel Livingstone

Abstract. We discuss several algorithms for sampling from unnormalized
probability distributions in statistical physics, but using the language of
statistics and machine learning. We provide a self-contained introduction to
some key ideas and concepts of the field, before discussing three well-known
problems: phase transitions in the Ising model, the melting transition on a
two-dimensional plane and simulation of an all-atom model for liquid water.
We review the classical Metropolis, Glauber and molecular dynamics sam-
pling algorithms before discussing several more recent approaches, including
cluster algorithms, novel variations of hybrid Monte Carlo and Langevin dy-
namics and piece-wise deterministic processes such as event chain Monte
Carlo. We highlight cross-over with statistics and machine learning through-
out and present some results on event chain Monte Carlo and sampling from
the Ising model using tools from the statistics literature. We provide a sim-
ulation study on the Ising and XY models, with reproducible code freely
available online, and following this we discuss several open areas for inter-
action between the disciplines that have not yet been explored and suggest
avenues for doing so.

Key words and phrases: Statistical physics, sampling algorithms, Markov
chain Monte Carlo, Ising model, Potts model, XY model, hard-disk model,
molecular simulation, Metropolis, Glauber dynamics, molecular dynamics,

hybrid Monte Carlo, Langevin dynamics, event chain Monte Carlo.

REFERENCES

ALDER, B. J. and WAINWRIGHT, T. E. (1957). Phase transition for
a hard sphere system. J. Chem. Phys. 27 1208. https://doi.org/10.
1063/1.1743957

ALDER, B. J. and WAINWRIGHT, T. E. (1959). Studies in molec-
ular dynamics. I. General method. J. Chem. Phys. 31 459-466.
MRO115313 https://doi.org/10.1063/1.1730376

ALDER, B. J. and WAINWRIGHT, T. E. (1960). Studies in molecu-
lar dynamics. II. Behavior of a small number of elastic spheres.
J. Chem. Phys. 33 1439-1451. MRO0115314 https://doi.org/10.
1063/1.1731425

ALDER, B. J. and WAINWRIGHT, T. E. (1962). Phase transition in
elastic disks. Phys. Rev. 127 359. https://doi.org/10.1103/PhysReyv.
127.359

ANDRECUT, M. (2009). Molecular dynamics multidimensional scal-
ing. Phys. Lett. A 373 2001-2006.

ANDRIEU, C., DURMUS, A., NUSKEN, N. and ROUSSEL, J.
(2021). Hypocoercivity of piecewise deterministic Markov process-
Monte Carlo. Ann. Appl. Probab. 31 2478-2517. MR4332703
https://doi.org/10.1214/20-aap1653

ANDRIEU, C., LEE, A. and LIVINGSTONE, S. (2020). A general per-
spective on the Metropolis—Hastings kernel. Preprint. Available at

arXiv:2012.14881.

ANDRIEU, C. and LIVINGSTONE, S. (2021). Peskun—Tierney order-
ing for Markovian Monte Carlo: Beyond the reversible scenario.
Ann. Statist. 49 1958-1981. MR4319237 https://doi.org/10.1214/
20-20s2008

ARCHAMBAULT, P., BRAMWELL, S. T. and HOLDSWORTH, P. C. W.
(1997). Magnetic fluctuations in a finite two-dimensional XY
model. J. Phys. A 30 8363.

ARTEMOVA, S. and REDON, S. (2012). Adaptively restrained particle
simulations. Phys. Rev. Lett. 109 190201. https://doi.org/10.1103/
PhysRevLett.109.190201

BARDUCCI, A., BONOMI, M. and PARRINELLO, M. (2011). Metady-
namics. WIREs, Comput. Mol. Sci. 1 826. https://doi.org/10.1002/
wems.31

BARKER, A. A. (1965). Monte Carlo calculations of the radial dis-
tribution functions for a proton—electron plasma. Aust. J. Phys. 18
119-134.

BAXTER, R. J. (2008). Exactly Solved Models in Statistical Mechan-
ics. Dover Publications Inc., New York.

BEREZINSKII, V. L. (1971). Destruction of long-range order in one-
dimensional and two-dimensional systems having a continuous
symmetry group I. Classical systems. Sov. Phys.—JETP 32 493.

Michael F. Faulkner is EPSRC Postdoctoral Fellow, HH Wills Physics Laboratory, University of Bristol, Bristol, UK (e-mail:
michael. faulkner@bristol.ac.uk). Samuel Livingstone is Associate Professor, Department of Statistical Science, University College

London, London, UK (e-mail: samuel.livingstone @ucl.ac.uk).


https://imstat.org/journals-and-publications/statistical-science/
https://doi.org/10.1214/23-STS893
https://www.imstat.org
https://doi.org/10.1063/1.1743957
https://mathscinet.ams.org/mathscinet-getitem?mr=0115313
https://doi.org/10.1063/1.1730376
https://mathscinet.ams.org/mathscinet-getitem?mr=0115314
https://doi.org/10.1063/1.1731425
https://doi.org/10.1103/PhysRev.127.359
https://mathscinet.ams.org/mathscinet-getitem?mr=4332703
https://doi.org/10.1214/20-aap1653
http://arxiv.org/abs/arXiv:2012.14881
https://mathscinet.ams.org/mathscinet-getitem?mr=4319237
https://doi.org/10.1214/20-aos2008
https://doi.org/10.1103/PhysRevLett.109.190201
https://doi.org/10.1002/wcms.31
mailto:michael.faulkner@bristol.ac.uk
mailto:samuel.livingstone@ucl.ac.uk
https://doi.org/10.1063/1.1743957
https://doi.org/10.1063/1.1731425
https://doi.org/10.1103/PhysRev.127.359
https://doi.org/10.1214/20-aos2008
https://doi.org/10.1103/PhysRevLett.109.190201
https://doi.org/10.1002/wcms.31

BERG, B. A. and NEuUHAUS, T. (1991). Multicanonical algo-
rithms for first order phase transitions. Phys. Lett. B 267 249.
https://doi.org/10.1016/0370-2693(91)91256-U

BERNARD, E. P. (2011). Algorithms and applications of the Monte
Carlo method: Two-dimensional melting and perfect sampling.
Ph.D. thesis, Univ. Pierre-et-Marie-Curie—Paris VI.

BERNARD, E. P. and KRAUTH, W. (2011). Two-step melting in two
dimensions: First-order liquid-hexatic transition. Phys. Rev. Lett.
107 155704. https://doi.org/10.1103/PhysRevLett.107.155704

BERNARD, E. P., KRAUTH, W. and WILSON, D. B. (2009). Event-
chain Monte Carlo algorithms for hard-sphere systems. Phys. Rev.
E 80 056704. https://doi.org/10.1103/PhysRevE.80.056704

BETANCOURT, M., BYRNE, S., LIVINGSTONE, S. and GIRO-
LAMI, M. (2017). The geometric foundations of Hamil-
tonian Monte Carlo. Bernoulli 23 2257-2298. MR3648031
https://doi.org/10.3150/16-BEJ810

BETANCOURT, M. and GIROLAMI, M. (2015). Hamiltonian Monte
Carlo for hierarchical models. In Current Trends in Bayesian
Methodology with Applications 79-101. CRC Press, Boca Raton,
FL. MR3644666

BIERKENS, J., FEARNHEAD, P. and ROBERTS, G. (2019). The
zig-zag process and super-efficient sampling for Bayesian anal-
ysis of big data. Ann. Statist. 47 1288-1320. MR3911113
https://doi.org/10.1214/18-A0S1715

BIERKENS, J., KAMATANI, K. and ROBERTS, G. O. (2022).
High-dimensional scaling limits of piecewise deterministic sam-
pling algorithms. Ann. Appl. Probab. 32 3361-3407. MR4497848
https://doi.org/10.1214/21-aap1762

BIERKENS, J., ROBERTS, G. O. and ZITT, P.-A. (2019). Ergodicity of
the zigzag process. Ann. Appl. Probab. 29 2266-2301. MR3983339
https://doi.org/10.1214/18-AAP1453

BiSSIRI, P. G., HOLMES, C. C. and WALKER, S. G. (2016). A gen-
eral framework for updating belief distributions. J. R. Stat. Soc. Ser.
B. Stat. Methodol. 78 1103-1130. MR3557191 https://doi.org/10.
1111/rssb.12158

BOU-RABEE, N. and SANZ-SERNA, J. M. (2018). Geomet-
ric integrators and the Hamiltonian Monte Carlo method.
Acta Numer. 27 113-206. MR3826507 https://doi.org/10.1017/
$0962492917000101

BOUCHARD-COTE, A., VOLLMER, S. J. and DOUCET, A. (2018).
The bouncy particle sampler: A nonreversible rejection-free
Markov chain Monte Carlo method. J. Amer. Statist. As-
soc. 113 855-867. MR3832232 https://doi.org/10.1080/01621459.
2017.1294075

BRAMWELL, S. T. and HOLDSWORTH, P. C. W. (1993). Magneti-
zation and universal sub-critical behaviour in two-dimensional XY
magnets. J. Phys., Condens. Matter 5 L53.

BRAMWELL, S. T., HOLDSWORTH, P. C. W. and PINTON, J. F.
(1998). Universality of rare fluctuations in turbulence and critical
phenomena. Nature 396 552. https://doi.org/10.1038/25083

CAMPOS, C. M. and SANZ-SERNA, J. M. (2015). Extra chance
generalized hybrid Monte Carlo. J. Comput. Phys. 281 365-374.
MR3281978 https://doi.org/10.1016/j.jcp.2014.09.037

CANCES, E., LEGOLL, F. and StoLTZ, G. (2007). Theoretical and
numerical comparison of some sampling methods for molecu-
lar dynamics. ESAIM Math. Model. Numer. Anal. 41 351-389.
MR2339633 https://doi.org/10.1051/m2an:2007014

CORBELLA, A., SPENCER, S. E. F. and ROBERTS, G. O.
(2022). Automatic Zig-Zag sampling in practice. Stat. Comput.
32 Paper No. 107, 16 pp. MR4507158 https://doi.org/10.1007/
s11222-022-10142-x

COULOMB, C. A. (1785). Second mémoire sur I’électricité et le mag-
nétisme. Hist. Acad. R. Sci. 578.

DALALYAN, A. S. and R1IOU-DURAND, L. (2020). On sampling from
a log-concave density using kinetic Langevin diffusions. Bernoulli
26 1956-1988. MR4091098 https://doi.org/10.3150/19-BEJ1178

DARVE, E., RODRIGUEZ-GOMEZ, D. and POHORILLE, A. (2008).
Adaptive biasing force method for scalar and vector free energy
calculations. J. Chem. Phys. 128 144120.

DE LEEUW, S. W., PERRAM, J. W. and SMITH, E. R. (1980). Sim-
ulation of electrostatic systems in periodic boundary conditions. I.
Lattice sums and dielectric constants. Proc. R. Soc. Lond. Ser. A
373 27-56. MR0592747 https://doi.org/10.1098/rspa.1980.0135

DELIGIANNIDIS, G., PAULIN, D., BOUCHARD-COTE, A. and
DOUCET, A. (2021). Randomized Hamiltonian Monte Carlo as
scaling limit of the bouncy particle sampler and dimension-free
convergence rates. Ann. Appl. Probab. 31 2612-2662. MR4350970
https://doi.org/10.1214/20-aap1659

DRESS, C. and KRAUTH, W. (1995). Cluster algorithm for
hard spheres and related systems. J. Phys. A 28 L597-L601.
MR1381129

DUANE, S., KENNEDY, A. D., PENDLETON, B. J. and ROWETH, D.
(1987). Hybrid Monte Carlo. Phys. Lett. B 195 216-222.
MR3960671 https://doi.org/10.1016/0370-2693(87)91197-x

DURMUS, A., ENFROY, A., MOULINES, E. and STOLTZ, G. (2021).
Uniform minorization condition and convergence bounds for dis-
cretizations of kinetic Langevin dynamics. Preprint. Available at
arXiv:2107.14542.

EDWARDS, R. G. and SOKAL, A. D. (1988). Generalization of
the Fortuin—Kasteleyn—Swendsen—Wang representation and Monte
Carlo algorithm. Phys. Rev. D (3) 38 2009-2012. MR0965465
https://doi.org/10.1103/PhysRevD.38.2009

ENGEL, M., ANDERSON, J. A., GLOTZER, S. C., ISOBE, M,,
BERNARD, E. P. and KRAUTH, W. (2013). Hard-disk equa-
tion of state: First-order liquid-hexatic transition in two dimen-
sions with three simulation methods. Phys. Rev. E 87 042134.
https://doi.org/10.1103/PhysRevE.87.042134

EVANS, D. J. and HOLIAN, B. L. (1985). The Nosé—Hoover thermo-
stat. J. Chem. Phys. 83 4069—4074.

FAULKNER, M. F. (2022). General symmetry breaking at a topological
phase transition. Preprint. Available at arXiv:2209.03699.

FAULKNER, M. F., BRAMWELL, S. T. and HOLDSWORTH, P. C. W.
(2015). Topological-sector fluctuations and ergodicity breaking at
the Berezinskii—Kosterlitz—Thouless transition. Phys. Rev. B 91
155412. https://doi.org/10.1103/PhysRevB.91.155412

FAULKNER, M. F. and LIVINGSTONE, S. (2024). Supplement to
“Sampling algorithms in statistical physics: A guide for statistics
and machine learning.” https://doi.org/10.1214/23-STS893SUPP

FAULKNER, M. F., QIN, L., MAGGS, A. C. and KRAUTH, W. (2018).
All-atom computations with irreversible Markov chains. J. Chem.
Phys. 149 064113. https://doi.org/10.1063/1.5036638

FEARNHEAD, P., BIERKENS, J., POLLOCK, M. and ROBERTS, G. O.
(2018). Piecewise deterministic Markov processes for continuous-
time Monte Carlo. Statist. Sci. 33 386-412. MR3843382
https://doi.org/10.1214/18-STS648

FRANKS, J. and VIHOLA, M. (2020). Importance sampling correc-
tion versus standard averages of reversible MCMCs in terms of
the asymptotic variance. Stochastic Process. Appl. 130 6157-6183.
MR4140030 https://doi.org/10.1016/j.spa.2020.05.006

GEMAN, S. and GEMAN, D. (1984). Stochastic relaxation, Gibbs dis-
tributions, and the Bayesian restoration of images. IEEE Trans. Pat-
tern Anal. Mach. Intell. 6 721-741. https://doi.org/10.1109/tpami.
1984.4767596

GIROLAMI, M. and CALDERHEAD, B. (2011). Riemann manifold
Langevin and Hamiltonian Monte Carlo methods. J. R. Stat. Soc.
Ser. B. Stat. Methodol. 73 123-214. MR2814492 https://doi.org/10.
1111/j.1467-9868.2010.00765.x


https://doi.org/10.1016/0370-2693(91)91256-U
https://doi.org/10.1103/PhysRevLett.107.155704
https://doi.org/10.1103/PhysRevE.80.056704
https://mathscinet.ams.org/mathscinet-getitem?mr=3648031
https://doi.org/10.3150/16-BEJ810
https://mathscinet.ams.org/mathscinet-getitem?mr=3644666
https://mathscinet.ams.org/mathscinet-getitem?mr=3911113
https://doi.org/10.1214/18-AOS1715
https://mathscinet.ams.org/mathscinet-getitem?mr=4497848
https://doi.org/10.1214/21-aap1762
https://mathscinet.ams.org/mathscinet-getitem?mr=3983339
https://doi.org/10.1214/18-AAP1453
https://mathscinet.ams.org/mathscinet-getitem?mr=3557191
https://doi.org/10.1111/rssb.12158
https://mathscinet.ams.org/mathscinet-getitem?mr=3826507
https://doi.org/10.1017/s0962492917000101
https://mathscinet.ams.org/mathscinet-getitem?mr=3832232
https://doi.org/10.1080/01621459.2017.1294075
https://doi.org/10.1038/25083
https://mathscinet.ams.org/mathscinet-getitem?mr=3281978
https://doi.org/10.1016/j.jcp.2014.09.037
https://mathscinet.ams.org/mathscinet-getitem?mr=2339633
https://doi.org/10.1051/m2an:2007014
https://mathscinet.ams.org/mathscinet-getitem?mr=4507158
https://doi.org/10.1007/s11222-022-10142-x
https://mathscinet.ams.org/mathscinet-getitem?mr=4091098
https://doi.org/10.3150/19-BEJ1178
https://mathscinet.ams.org/mathscinet-getitem?mr=0592747
https://doi.org/10.1098/rspa.1980.0135
https://mathscinet.ams.org/mathscinet-getitem?mr=4350970
https://doi.org/10.1214/20-aap1659
https://mathscinet.ams.org/mathscinet-getitem?mr=1381129
https://mathscinet.ams.org/mathscinet-getitem?mr=3960671
https://doi.org/10.1016/0370-2693(87)91197-x
http://arxiv.org/abs/arXiv:2107.14542
https://mathscinet.ams.org/mathscinet-getitem?mr=0965465
https://doi.org/10.1103/PhysRevD.38.2009
https://doi.org/10.1103/PhysRevE.87.042134
http://arxiv.org/abs/arXiv:2209.03699
https://doi.org/10.1103/PhysRevB.91.155412
https://doi.org/10.1214/23-STS893SUPP
https://doi.org/10.1063/1.5036638
https://mathscinet.ams.org/mathscinet-getitem?mr=3843382
https://doi.org/10.1214/18-STS648
https://mathscinet.ams.org/mathscinet-getitem?mr=4140030
https://doi.org/10.1016/j.spa.2020.05.006
https://doi.org/10.1109/tpami.1984.4767596
https://mathscinet.ams.org/mathscinet-getitem?mr=2814492
https://doi.org/10.1111/j.1467-9868.2010.00765.x
https://doi.org/10.1111/rssb.12158
https://doi.org/10.1017/s0962492917000101
https://doi.org/10.1080/01621459.2017.1294075
https://doi.org/10.1007/s11222-022-10142-x
https://doi.org/10.1109/tpami.1984.4767596
https://doi.org/10.1111/j.1467-9868.2010.00765.x

GLAUBER, R. J. (1963). Time-dependent statistics of the Ising model.
J. Math. Phys. 4 294-307. MR0148410 https://doi.org/10.1063/1.
1703954

GORE, V. K. and JERRUM, M. R. (1999). The Swendsen—Wang
process does not always mix rapidly. J. Stat. Phys. 97 67-86.
MR1733467 https://doi.org/10.1023/A:1004610900745

GRUNWALD, P. and VAN OMMEN, T. (2017). Inconsistency of
Bayesian inference for misspecified linear models, and a pro-
posal for repairing it. Bayesian Anal. 12 1069-1103. MR3724979
https://doi.org/10.1214/17-BA1085

HADDOUCHE, M., GUEDJ, B., RIVASPLATA, O. and SHAWE-
TAYLOR, J. (2021). PAC-Bayes unleashed: Generalisation bounds
with unbounded losses. Entropy 23 Paper No. 1330, 20 pp.
MR4330257 https://doi.org/10.3390/e23101330

HAIRER, E., LUBICH, C. and WANNER, G. (2003). Geometric
numerical integration illustrated by the Stormer—Verlet method.
Acta Numer. 12 399-450. MR2249159 https://doi.org/10.1017/
50962492902000144

HAIRER, E., LUBICH, C. and WANNER, G. (2006). Geometric Nu-
merical Integration: Structure-Preserving Algorithms for Ordinary
Differential Equations, 2nd ed. Springer Series in Computational
Mathematics 31. Springer, Berlin. MR2221614

HALPERIN, B. I. and NELSON, D. R. (1978). Theory of two-
dimensional melting. Phys. Rev. Lett. 41 121-124. MR0495791
https://doi.org/10.1103/PhysRevLett.41.121

HOFFMAN, M. D. and GELMAN, A. (2014). The no-U-turn sam-
pler: Adaptively setting path lengths in Hamiltonian Monte Carlo.
J. Mach. Learn. Res. 15 1593-1623. MR3214779

HOHENBERG, P. C. (1967). Existence of long-range order in one and
two dimensions. Phys. Rev. 158 383.

HOLLMER, P., MAGGS, A. C. and KRAUTH, W. (2022). Hard-disk
dipoles and non-reversible Markov chains. J. Chem. Phys. 156
084108. https://doi.org/10.1063/5.0080101

HOLLMER, P., QIN, L., FAULKNER, M. F., MAGGS, A. C. and
KRAUTH, W. (2020). JeLLyFysh-Versionl.0—A Python applica-
tion for all-atom event-chain Monte Carlo. Comput. Phys. Com-
mun. 253 107168, 20 pp. MR4105638 https://doi.org/10.1016/j.
¢pc.2020.107168

HoOROWITZ, A. M. (1991). A generalized guided Monte Carlo algo-
rithm. Phys. Lett. B 268 247-252.

HUBER, M. (2003). A bounding chain for Swendsen—Wang. Random
Structures Algorithms 22 43-59. MR1943858 https://doi.org/10.
1002/rsa.10071

ISING, E. (1925). Beitrag zur theorie des ferromagnetismus. Z. Phys.
31 253. https://doi.org/10.1007/BF02980577

IZAGUIRRE, J. A. and HAMPTON, S. S. (2004). Shadow hybrid
Monte Carlo: An efficient propagator in phase space of macro-
molecules. J. Comput. Phys. 200 581-604.

JARNER, S. F. and HANSEN, E. (2000). Geometric ergodicity of
Metropolis algorithms. Stochastic Process. Appl. 85 341-361.
MR 1731030 https://doi.org/10.1016/S0304-4149(99)00082-4

JASRA, A., HOLMES, C. C. and STEPHENS, D. A. (2005). Markov
chain Monte Carlo methods and the label switching problem in
Bayesian mixture modeling. Statist. Sci. 20 50-67. MR2182987
https://doi.org/10.1214/088342305000000016

JASTER, A. (1999a). Computer simulations of the two-dimensional
melting transition using hard disks. Phys. Rev. E 59 2594.

JASTER, A. (1999b). An improved Metropolis algorithm for hard core
systems. Phys. A, Stat. Mech. Appl. 264 134-141.

JEWSON, J., SMITH, J. Q. and HOLMES, C. (2018). Principles
of Bayesian inference using general divergence criteria. Entropy
20 Paper No. 442, 25 pp. MR3879894 https://doi.org/10.3390/
€20060442

JOSE, J. V., KADANOFF, L. P., KIRKPATRICK, S. and NEL-
SON, D. R. (1977). Renormalization, vortices, and symmetry-
breaking perturbations in the two-dimensional planar model. Phys.
Rev. B16 1217.

Josg, J. V., KOSTERLITZ, J. M., THOULESS, D. J., OR-
TiZ, G., COBANERA, E., NUSSINOV, Z., GOLDMAN, A. M.,
BENFATTO, L., CASTELLANI, C., GIAMARCHI, T., TEI-
TEL, S., FAziOo, R., SCHON, G., VINOKUR, V. M., BATU-
RINA, T. I., HADZIBABIC, Z., DALIBARD, J., FERTIG, H. A. and
MURTHY, G. (2013). 40 Years of Berezinskii—Kosterlitz—Thouless
Theory. World Scientific, Singapore. https://doi.org/10.1142/8572

KAISER, V., BRAMWELL, S. T., HOLDSWORTH, P. C. W. and
MOESSNER, R. (2013). Onsager’s Wien effect on a lattice. Nat.
Mater. 12 1033-1037. https://doi.org/10.1038/nmat3729

KAISER, V., BRAMWELL, S. T., HOLDSWORTH, P. C. W. and
MOESSNER, R. (2015). ac Wien effect in spin ice, manifest in non-
linear, nonequilibrium susceptibility. Phys. Rev. Lett. 115 037201, 6
pp- MR3466024 https://doi.org/10.1103/PhysRevLett.115.037201

KAMPMANN, T. A., BoLTZ, H.-H. and KIERFELD, J. (2015a).
Monte Carlo simulation of dense polymer melts using event chain
algorithms. J. Chem. Phys. 143 044105. https://doi.org/10.1063/1.
4927084

KaMPMANN, T. A., BoLTz, H.-H. and KIERFELD, J. (2015b).
Parallelized event chain algorithm for dense hard sphere and
polymer systems. J. Comput. Phys. 281 864-875. MR3281999
https://doi.org/10.1016/j.jcp.2014.10.059

KAPFER, S. C. and KRAUTH, W. (2015). Two-dimensional melting:
From liquid-hexatic coexistence to continuous transitions. Phys.
Rev. Lert. 114 035702. https://doi.org/10.1103/PhysRevLett.114.
035702

KAPFER, S. C. and KRAUTH, W. (2016). Cell-veto Monte Carlo
algorithm for long-range systems. Phys. Rev. E 94 031302.
https://doi.org/10.1103/PhysRevE.94.031302

KLEMENTA, M. and ENGEL, M. (2019). Efficient equilibration of
hard spheres with Newtonian event chains. J. Chem. Phys. 150
174108. https://doi.org/10.1063/1.5090882

KNOBLAUCH, J., JEWSON, J. and DAMoULAS, T. (2022). An
optimization-centric view on Bayes’ rule: Reviewing and gener-
alizing variational inference. J. Mach. Learn. Res. 23 Paper No.
[132], 109 pp. MR4577084

KOSTERLITZ, J. M. (1974). The critical properties of the two-
dimensional XY model. J. Phys. C, Solid State Phys. 7 1046.

KOSTERLITZ, J. M. and THOULESS, D. J. (1973). Ordering, metasta-
bility and phase transitions in two-dimensional systems. J. Phys. C,
Solid State Phys. 6 1181.

KRAMERS, H. A. and WANNIER, G. H. (1941a). Statistics of
the two-dimensional ferromagnet. I. Phys. Rev. (2) 60 252-262.
MRO0004803

KRAMERS, H. A. and WANNIER, G. H. (1941b). Statistics of
the two-dimensional ferromagnet. II. Phys. Rev. (2) 60 263-276.
MRO0004804

KRAUTH, W. (2006). Statistical Mechanics: Algorithms and Compu-
tations. Oxford Master Series in Physics 13. Oxford Univ. Press,
Oxford. MR2370557

LATUSZYNSKI, K. and ROBERTS, G. O. (2013). CLTs and asymp-
totic variance of time-sampled Markov chains. Methodol. Comput.
Appl. Probab. 15 237-247. MR3030220 https://doi.org/10.1007/
s11009-011-9237-8

LECUN, Y., CHOPRA, S., HADSELL, R., RANzATO, M. and
HUANG, F. (2006). A tutorial on energy-based learning. Predict.
Struct. Data 1.

LEI, Z. and KRAUTH, W. (2018). Irreversible Markov chains in
spin models: Topological excitations. Europhys. Lett. 121 10008.
https://doi.org/10.1209/0295-5075/121/10008


https://mathscinet.ams.org/mathscinet-getitem?mr=0148410
https://doi.org/10.1063/1.1703954
https://mathscinet.ams.org/mathscinet-getitem?mr=1733467
https://doi.org/10.1023/A:1004610900745
https://mathscinet.ams.org/mathscinet-getitem?mr=3724979
https://doi.org/10.1214/17-BA1085
https://mathscinet.ams.org/mathscinet-getitem?mr=4330257
https://doi.org/10.3390/e23101330
https://mathscinet.ams.org/mathscinet-getitem?mr=2249159
https://doi.org/10.1017/S0962492902000144
https://mathscinet.ams.org/mathscinet-getitem?mr=2221614
https://mathscinet.ams.org/mathscinet-getitem?mr=0495791
https://doi.org/10.1103/PhysRevLett.41.121
https://mathscinet.ams.org/mathscinet-getitem?mr=3214779
https://doi.org/10.1063/5.0080101
https://mathscinet.ams.org/mathscinet-getitem?mr=4105638
https://doi.org/10.1016/j.cpc.2020.107168
https://mathscinet.ams.org/mathscinet-getitem?mr=1943858
https://doi.org/10.1002/rsa.10071
https://doi.org/10.1007/BF02980577
https://mathscinet.ams.org/mathscinet-getitem?mr=1731030
https://doi.org/10.1016/S0304-4149(99)00082-4
https://mathscinet.ams.org/mathscinet-getitem?mr=2182987
https://doi.org/10.1214/088342305000000016
https://mathscinet.ams.org/mathscinet-getitem?mr=3879894
https://doi.org/10.3390/e20060442
https://doi.org/10.1142/8572
https://doi.org/10.1038/nmat3729
https://mathscinet.ams.org/mathscinet-getitem?mr=3466024
https://doi.org/10.1103/PhysRevLett.115.037201
https://doi.org/10.1063/1.4927084
https://mathscinet.ams.org/mathscinet-getitem?mr=3281999
https://doi.org/10.1016/j.jcp.2014.10.059
https://doi.org/10.1103/PhysRevLett.114.035702
https://doi.org/10.1103/PhysRevE.94.031302
https://doi.org/10.1063/1.5090882
https://mathscinet.ams.org/mathscinet-getitem?mr=4577084
https://mathscinet.ams.org/mathscinet-getitem?mr=0004803
https://mathscinet.ams.org/mathscinet-getitem?mr=0004804
https://mathscinet.ams.org/mathscinet-getitem?mr=2370557
https://mathscinet.ams.org/mathscinet-getitem?mr=3030220
https://doi.org/10.1007/s11009-011-9237-8
https://doi.org/10.1209/0295-5075/121/10008
https://doi.org/10.1063/1.1703954
https://doi.org/10.1017/S0962492902000144
https://doi.org/10.1016/j.cpc.2020.107168
https://doi.org/10.1002/rsa.10071
https://doi.org/10.3390/e20060442
https://doi.org/10.1063/1.4927084
https://doi.org/10.1103/PhysRevLett.114.035702
https://doi.org/10.1007/s11009-011-9237-8

LEIMKUHLER, B. and MATTHEWS, C. (2016). Molecular Dynamics:
With Deterministic and Stochastic Numerical Methods. Interdisci-
plinary Applied Mathematics 39. Springer, Cham. MR3362507

LEIMKUHLER, B., NOORIZADEH, E. and THEIL, F. (2009). A gen-
tle stochastic thermostat for molecular dynamics. J. Stat. Phys. 135
261-277. MR2505736 https://doi.org/10.1007/s10955-009-9734-0

LEIMKUHLER, B. and REICH, S. (2004). Simulating Hamiltonian Dy-
namics. Cambridge Monographs on Applied and Computational
Mathematics 14. Cambridge Univ. Press, Cambridge. MR2132573

LELIEVRE, T., ROUSSET, M. and StOLTZ, G. (2010). Free
Energy Computations: A Mathematical Perspective. Imperial
College Press, London. MR2681239 https://doi.org/10.1142/
9781848162488

LIVINGSTONE, S., FAULKNER, M. F. and ROBERTS, G. O.
(2019). Kinetic energy choice in Hamiltonian/hybrid Monte Carlo.
Biometrika 106 303-319. MR3949305 https://doi.org/10.1093/
biomet/asz013

Lu, X., PERRONE, V., HASENCLEVER, L., TEH, Y. W. and
VOLLMER, S. (2017). Relativistic Monte Carlo. In Artificial In-
telligence and Statistics 1236-1245. PMLR.

MARTYNA, G. J., KLEIN, M. L. and TUCKERMAN, M. (1992).
Nosé—Hoover chains: The canonical ensemble via continuous dy-
namics. J. Chem. Phys. 97 2635-2643.

MATTINGLY, J. C., STUART, A. M. and HIGHAM, D. J. (2002). Er-
godicity for SDEs and approximations: Locally Lipschitz vector
fields and degenerate noise. Stochastic Process. Appl. 101 185-232.
MR1931266 https://doi.org/10.1016/S0304-4149(02)00150-3

MERMIN, N. D. and WAGNER, H. (1966). Absence of ferromag-
netism or antiferromagnetism in one- or two-dimensional isotropic
Heisenberg models. Phys. Rev. Lett. 17 1133.

METROPOLIS, N., ROSENBLUTH, A. W., ROSENBLUTH, M. N.,
TELLER, A. H. and TELLER, E. (1953). Equation of state cal-
culations by fast computing machines. J. Chem. Phys. 21 1087.
https://doi.org/10.1063/1.1699114

MICHEL, M., DURMUS, A. and SENECAL, S. (2020). Forward event-
chain Monte Carlo: Fast sampling by randomness control in irre-
versible Markov chains. J. Comput. Graph. Statist. 29 689-702.
MR4191236 https://doi.org/10.1080/10618600.2020.1750417

MICHEL, M., KAPFER, S. C. and KRAUTH, W. (2014). General-
ized event-chain Monte Carlo: Constructing rejection-free global-
balance algorithms from infinitesimal steps. J. Chem. Phys. 140
054116. https://doi.org/10.1063/1.4863991

MICHEL, M., MAYER, J. and KRAUTH, W. (2015). Event-chain
Monte Carlo for classical continuous spin models. Europhys. Lett.
112 20003.

MIRA, A. (2001a). On Metropolis—Hastings algorithms with delayed
rejection. Metron 59 231-241. MR1889712

MIRA, A. (2001b). Ordering and improving the performance of
Monte Carlo Markov chains. Statist. Sci. 16 340-350. MR1888449
https://doi.org/10.1214/ss/1015346319

MONEMVASSITIS, A., GUILLIN, A. and MICHEL, M. (2023). PDMP
characterisation of event-chain Monte Carlo algorithms for parti-
cle systems. J. Stat. Phys. 190 Paper No. 66, 29 pp. MR4549874
https://doi.org/10.1007/s10955-023-03069-8

NEAL, R. M. (1993). Bayesian learning via stochastic dynamics. In
Advances in Neural Information Processing Systems 475-482.

NEAL, R. M. (2001). Annealed importance sampling. Stat.
Comput. 11 125-139. MRI1837132 https://doi.org/10.1023/A:
1008923215028

NEAL, R. M. (2003). Slice sampling. Ann. Statist. 31 705-767.
MR 1994729 https://doi.org/10.1214/a0s/1056562461

NEAL, R. M. (2011). MCMC using Hamiltonian dynamics. In Hand-
book of Markov Chain Monte Carlo. Chapman & Hall/CRC
Handb. Mod. Stat. Methods 113-162. CRC Press, Boca Raton, FL.
MR2858447

NEAL, R. M. (2012). Bayesian Learning for Neural Networks 118.
Springer, Berlin.

NISHIMURA, A., DUNSON, D. B. and Lu, J. (2020). Discontin-
uous Hamiltonian Monte Carlo for discrete parameters and dis-
continuous likelihoods. Biometrika 107 365-380. MR4126286
https://doi.org/10.1093/biomet/asz083

NOTT, D. J. and GREEN, P. J. (2004). Bayesian variable selection
and the Swendsen—Wang algorithm. J. Comput. Graph. Statist. 13
141-157. MR2044875 https://doi.org/10.1198/1061860042958

ONSAGER, L. (1944). Crystal statistics. I. A two-dimensional model
with an order-disorder transition. Phys. Rev. (2) 65 117-149.
MRO0010315

ONSAGER, L. (1949). Discussion (comment on the spontaneous mag-
netisation of the two-dimensional Ising model). Nuovo Cimento 6
251. https://doi.org/10.1007/BF02780989

PALMER, R. G. (1982). Broken ergodicity. Adv. Phys. 31 669.

PAPASPILIOPOULOS, O., ROBERTS, G. O. and SKOLD, M. (2007).
A general framework for the parametrization of hierarchical mod-
els. Statist. Sci. 22 59-73. MR2408661 https://doi.org/10.1214/
088342307000000014

PARK, J. and ATCHADE, Y. (2020). Markov chain Monte Carlo al-
gorithms with sequential proposals. Stat. Comput. 30 1325-1345.
MR4137254 https://doi.org/10.1007/s11222-020-09948-4

PAVLIOTIS, G. A. (2014). Stochastic Processes and Applications:
Diffusion Processes, the Fokker—Planck and Langevin Equations.
Texts in Applied Mathematics 60. Springer, New York. MR3288096
https://doi.org/10.1007/978-1-4939-1323-7

PENG, Y., WANG, Z., ALSAYED, A. M., YODH, A. G. and HAN, Y.
(2010). Melting of colloidal crystal films. Phys. Rev. Lett. 104
205703. https://doi.org/10.1103/PhysRevLett.104.205703

PETERS, E. A. J. F. and DE WITH, G. (2012). Rejection-free Monte
Carlo sampling for general potentials. Phys. Rev. E 85 026703.
https://doi.org/10.1103/PhysRevE.85.026703

PorTts, R. B. (1952). Some generalized order-disorder transfor-
mations. Proc. Camb. Philos. Soc. 48 106-109. MR0047571
https://doi.org/10.1017/S0305004100027419

POWER, S. and GOLDMAN, J. V. (2019). Accelerated sampling on
discrete spaces with non-reversible Markov processes. Preprint.
Available at arXiv:1912.04681.

RADIVOIJEVIC, T. and AKHMATSKAYA, E. (2020). Modified Hamil-
tonian Monte Carlo for Bayesian inference. Stat. Comput. 30 377—
404. MR4064627 https://doi.org/10.1007/s11222-019-09885-x

RADIVOJEVIC, T., FERNANDEZ-PENDAS, M., SANZ-SERNA, J. M.
and AKHMATSKAYA, E. (2018). Multi-stage splitting integrators
for sampling with modified Hamiltonian Monte Carlo methods.
J. Comput. Phys. 373 900-916. MR3854175 https://doi.org/10.
1016/j.jcp.2018.07.023

REDON, S., STOLTZ, G. and TRSTANOVA, Z. (2016). Error analy-
sis of modified Langevin dynamics. J. Stat. Phys. 164 735-771.
MR3529154 https://doi.org/10.1007/s10955-016-1544-6

REN, B., BACALLADO, S., FAVARO, S., HOLMES, S. and TRIPPA, L.
(2017). Bayesian nonparametric ordination for the analysis of
microbial communities. J. Amer. Statist. Assoc. 112 1430-1442.
MR3750866 https://doi.org/10.1080/01621459.2017.1288631

ROBERTS, G. O. and ROSENTHAL, J. S. (2001). Optimal scaling for
various Metropolis—Hastings algorithms. Statist. Sci. 16 351-367.
MR 1888450 https://doi.org/10.1214/ss/1015346320

ROBERTS, G. O. and TWEEDIE, R. L. (1996). Exponential con-
vergence of Langevin distributions and their discrete approxima-
tions. Bernoulli 2 341-363. MR1440273 https://doi.org/10.2307/
3318418

RoOsCILDE, T., FAULKNER, M. F., BRAMWELL, S. T. and
HoLDSWORTH, P. C. W. (2016). From quantum to thermal
topological-sector fluctuations of strongly interacting bosons in a
ring lattice. New J. Phys. 18 075003.


https://mathscinet.ams.org/mathscinet-getitem?mr=3362507
https://mathscinet.ams.org/mathscinet-getitem?mr=2505736
https://doi.org/10.1007/s10955-009-9734-0
https://mathscinet.ams.org/mathscinet-getitem?mr=2132573
https://mathscinet.ams.org/mathscinet-getitem?mr=2681239
https://doi.org/10.1142/9781848162488
https://mathscinet.ams.org/mathscinet-getitem?mr=3949305
https://doi.org/10.1093/biomet/asz013
https://mathscinet.ams.org/mathscinet-getitem?mr=1931266
https://doi.org/10.1016/S0304-4149(02)00150-3
https://doi.org/10.1063/1.1699114
https://mathscinet.ams.org/mathscinet-getitem?mr=4191236
https://doi.org/10.1080/10618600.2020.1750417
https://doi.org/10.1063/1.4863991
https://mathscinet.ams.org/mathscinet-getitem?mr=1889712
https://mathscinet.ams.org/mathscinet-getitem?mr=1888449
https://doi.org/10.1214/ss/1015346319
https://mathscinet.ams.org/mathscinet-getitem?mr=4549874
https://doi.org/10.1007/s10955-023-03069-8
https://mathscinet.ams.org/mathscinet-getitem?mr=1837132
https://doi.org/10.1023/A:1008923215028
https://mathscinet.ams.org/mathscinet-getitem?mr=1994729
https://doi.org/10.1214/aos/1056562461
https://mathscinet.ams.org/mathscinet-getitem?mr=2858447
https://mathscinet.ams.org/mathscinet-getitem?mr=4126286
https://doi.org/10.1093/biomet/asz083
https://mathscinet.ams.org/mathscinet-getitem?mr=2044875
https://doi.org/10.1198/1061860042958
https://mathscinet.ams.org/mathscinet-getitem?mr=0010315
https://doi.org/10.1007/BF02780989
https://mathscinet.ams.org/mathscinet-getitem?mr=2408661
https://doi.org/10.1214/088342307000000014
https://mathscinet.ams.org/mathscinet-getitem?mr=4137254
https://doi.org/10.1007/s11222-020-09948-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3288096
https://doi.org/10.1007/978-1-4939-1323-7
https://doi.org/10.1103/PhysRevLett.104.205703
https://doi.org/10.1103/PhysRevE.85.026703
https://mathscinet.ams.org/mathscinet-getitem?mr=0047571
https://doi.org/10.1017/S0305004100027419
http://arxiv.org/abs/arXiv:1912.04681
https://mathscinet.ams.org/mathscinet-getitem?mr=4064627
https://doi.org/10.1007/s11222-019-09885-x
https://mathscinet.ams.org/mathscinet-getitem?mr=3854175
https://doi.org/10.1016/j.jcp.2018.07.023
https://mathscinet.ams.org/mathscinet-getitem?mr=3529154
https://doi.org/10.1007/s10955-016-1544-6
https://mathscinet.ams.org/mathscinet-getitem?mr=3750866
https://doi.org/10.1080/01621459.2017.1288631
https://mathscinet.ams.org/mathscinet-getitem?mr=1888450
https://doi.org/10.1214/ss/1015346320
https://mathscinet.ams.org/mathscinet-getitem?mr=1440273
https://doi.org/10.2307/3318418
https://doi.org/10.1142/9781848162488
https://doi.org/10.1093/biomet/asz013
https://doi.org/10.1023/A:1008923215028
https://doi.org/10.1214/088342307000000014
https://doi.org/10.1016/j.jcp.2018.07.023
https://doi.org/10.2307/3318418

ROSENBLUTH, M. N. and ROSENBLUTH, A. W. (1954). Further re-
sults on Monte Carlo equations of state. J. Chem. Phys. 22 881.
https://doi.org/10.1063/1.1740207

ROSSKY, P. J., DOLL, J. and FRIEDMAN, H. (1978). Brownian dy-
namics as smart Monte Carlo simulation. J. Chem. Phys. 69 4628—
4633.

SALZBERG, A. M. and PRAGER, S. (1963). Equation of state for a
two-dimensional electrolyte. J. Chem. Phys. 38 2587.

SHERLOCK, C., URBAS, S. and LUDKIN, M. (2021). Apogee to
Apogee path sampler. Preprint. Available at arXiv:2112.08187.
SIMANYI, N. (2003). Proof of the Boltzmann—Sinai ergodic hypoth-
esis for typical hard disk systems. Invent. Math. 154 123-178.

MR2004458 https://doi.org/10.1007/s00222-003-0304-9

SINAL Y. G. (1970). Dynamical systems with elastic reflections. Rus-
sian Math. Surveys 25 137.

SINGH, K. K., MARIN, D. F. and REDON, S. (2017). Parallel adap-
tively restrained molecular dynamics. In 2017 International Con-
ference on High Performance Computing & Simulation (HPCS)
308-314. IEEE, New York.

SMITH, M. and KOHN, R. (1996). Nonparametric regression using
Bayesian variable selection. J. Econometrics 75 317-343.

SToLTZ, G. (2021). Computational statistical physics and hypocoer-
civity. Preprint. Available at arXiv:2112.08221.

STOLTZ, G. and TRSTANOVA, Z. (2018). Langevin dynamics with
general kinetic energies. Multiscale Model. Simul. 16 777-806.
MR3799045 https://doi.org/10.1137/16M110575X

STORATH, M., WEINMANN, A., FRIKEL, J. and UNSER, M. (2015).
Joint image reconstruction and segmentation using the Potts model.
Inverse Probl. 31 025003, 29 pp. MR3303168 https://doi.org/10.
1088/0266-5611/31/2/025003

STORMER, C. (1907). Sur les trajectoires des corpuscules électrisés
dans I’espace. Applications a 1’aurore boréale et aux perturbations
magnétiques. Radium 4 2-5.

SWENDSEN, R. H. and WANG, J.-S. (1987). Nonuniversal critical dy-
namics in Monte Carlo simulations. Phys. Rev. Lett. 58 86.

SYRING, N. and MARTIN, R. (2020). Gibbs posterior concentra-
tion rates under sub-exponential type losses. Preprint. Available at
arXiv:2012.04505.

TABACHNIKOV, S. (2005). Geometry and Billiards. Student Mathe-
matical Library 30. Amer. Math. Soc., Providence, RI. MR2168892
https://doi.org/10.1090/stml/030

TALAY, D. (2002). Stochastic Hamiltonian systems: Exponential con-
vergence to the invariant measure, and discretization by the im-
plicit Euler scheme. Markov Process. Related Fields 8 163—198.
MR1924934

TAMAYO, P., BROWER, R. C. and KLEIN, W. (1990). Single-cluster
Monte Carlo dynamics for the Ising model. J. Stat. Phys. 58 1083—
1094. MR1049057 https://doi.org/10.1007/BF01026564

THORNEYWORK, A. L., ABBOTT, J. L., AARTS, D. G. A. L. and
DULLENS, R. P. A. (2017). Two-dimensional melting of colloidal
hard spheres. Phys. Rev. Lett. 118 158001. https://doi.org/10.1103/
PhysRevLett.118.158001

TORGERSON, W. S. (1952). Multidimensional scaling. 1. The-
ory and method. Psychometrika 17 401-419. MRO0054219
https://doi.org/10.1007/BF02288916

TURITSYN, K. S., CHERTKOV, M. and VUCELJA, M. (2011). Irre-
versible Monte Carlo algorithms for efficient sampling. Phys. D,
Nonlinear Phenom. 240 410-414.

VALLAT, A. and BECK, H. (1994). Coulomb-gas representation of the
two-dimensional XY model on a torus. Phys. Rev. B 50 4015.

VERLET, L. (1967). Computer “experiments” on classical fluids. L.
thermodynamical properties of Lennard—Jones molecules. Phys.
Rev. 159 98.

VIHOLA, M., HELSKE, J. and FRANKS, J. (2020). Importance sam-
pling type estimators based on approximate marginal Markov
chain Monte Carlo. Scand. J. Stat. 47 1339-1376. MR4178196
https://doi.org/10.1111/sjos.12492

VUCELJA, M. (2016). Lifting—A nonreversible Markov chain Monte
Carlo algorithm. Am. J. Phys. 84 958. https://doi.org/10.1119/1.
4961596

WANG, F. and LANDAU, D. P. (2001). Efficient, multiple-range ran-
dom walk algorithm to calculate the density of states. Phys. Rev.
Lett. 86 2050-2053. https://doi.org/10.1103/PhysRevLett.86.2050

WEI D., SONG, Y. and WANG, F. (2011). A simple molecular me-
chanics potential for um scale graphene simulations from the adap-
tive force matching method. J. Chem. Phys. 134 184704.

WOLFF, U. (1989a). Collective Monte Carlo updating for spin sys-
tems. Phys. Rev. Lett. 62 361.

WOLFF, U. (1989b). Comparison between cluster Monte Carlo algo-
rithms in the Ising model. Phys. Lett. B 228 379-382.

WooD, W. W. and PARKER, F. R. (1957). Monte Carlo equation of
state of molecules interacting with the Lennard—Jones potential.
I. A supercritical isotherm at about twice the critical temperature.
J. Chem. Phys. 27 720. https://doi.org/10.1063/1.1743822

WORRALL, J., BROWNING, R., WU, P. and MENGERSEN, K. (2022).
Fifty years later: New directions in Hawkes processes. SORT 46 3—
37. MR4443331

WU, L. (2001). Large and moderate deviations and exponential con-
vergence for stochastic damping Hamiltonian systems. Stochastic
Process. Appl. 91 205-238. MR1807683 https://doi.org/10.1016/
S0304-4149(00)00061-2

WU, P.-S. and MARTIN, R. (2023). A comparison of learning rate se-
lection methods in generalized Bayesian inference. Bayesian Anal.
18 105-132. MR4515727 https://doi.org/10.1214/21-bal302

WU, Y., TEPPER, H. L. and VOTH, G. A. (2006). Flexible simple
point-charge water model with improved liquid-state properties.
J. Chem. Phys. 124 024503. https://doi.org/10.1063/1.2136877

YANG, C. N. (1952). The spontaneous magnetization of a two-
dimensional Ising model. Phys. Rev. (2) 85 808-816. MR0051740
https://doi.org/10.1103/PhysRev.85.808

YOUNG, A. P. (1979). Melting and the vector Coulomb gas in
two dimensions. Phys. Rev. B 19 1855. https://doi.org/10.1103/
PhysRevB.19.1855

ZANELLA, G. (2020). Informed proposals for local MCMC in dis-
crete spaces. J. Amer. Statist. Assoc. 115 852-865. MR4107684
https://doi.org/10.1080/01621459.2019.1585255

ZHANG, Y., WANG, X., CHEN, C., HENAO, R., FAN, K. and
CARIN, L. (2016). Towards unifying Hamiltonian Monte Carlo and
slice sampling. Adv. Neural Inf. Process. Syst. 29.


https://doi.org/10.1063/1.1740207
http://arxiv.org/abs/arXiv:2112.08187
https://mathscinet.ams.org/mathscinet-getitem?mr=2004458
https://doi.org/10.1007/s00222-003-0304-9
http://arxiv.org/abs/arXiv:2112.08221
https://mathscinet.ams.org/mathscinet-getitem?mr=3799045
https://doi.org/10.1137/16M110575X
https://mathscinet.ams.org/mathscinet-getitem?mr=3303168
https://doi.org/10.1088/0266-5611/31/2/025003
http://arxiv.org/abs/arXiv:2012.04505
https://mathscinet.ams.org/mathscinet-getitem?mr=2168892
https://doi.org/10.1090/stml/030
https://mathscinet.ams.org/mathscinet-getitem?mr=1924934
https://mathscinet.ams.org/mathscinet-getitem?mr=1049057
https://doi.org/10.1007/BF01026564
https://doi.org/10.1103/PhysRevLett.118.158001
https://mathscinet.ams.org/mathscinet-getitem?mr=0054219
https://doi.org/10.1007/BF02288916
https://mathscinet.ams.org/mathscinet-getitem?mr=4178196
https://doi.org/10.1111/sjos.12492
https://doi.org/10.1119/1.4961596
https://doi.org/10.1103/PhysRevLett.86.2050
https://doi.org/10.1063/1.1743822
https://mathscinet.ams.org/mathscinet-getitem?mr=4443331
https://mathscinet.ams.org/mathscinet-getitem?mr=1807683
https://doi.org/10.1016/S0304-4149(00)00061-2
https://mathscinet.ams.org/mathscinet-getitem?mr=4515727
https://doi.org/10.1214/21-ba1302
https://doi.org/10.1063/1.2136877
https://mathscinet.ams.org/mathscinet-getitem?mr=0051740
https://doi.org/10.1103/PhysRev.85.808
https://doi.org/10.1103/PhysRevB.19.1855
https://mathscinet.ams.org/mathscinet-getitem?mr=4107684
https://doi.org/10.1080/01621459.2019.1585255
https://doi.org/10.1088/0266-5611/31/2/025003
https://doi.org/10.1103/PhysRevLett.118.158001
https://doi.org/10.1119/1.4961596
https://doi.org/10.1016/S0304-4149(00)00061-2
https://doi.org/10.1103/PhysRevB.19.1855

Statistical Science
2024, Vol. 39, No. 1, 165-191
https://doi.org/10.1214/23-STS889

© Institute of Mathematical Statistics, 2024

Causal Inference Methods for Combining

Randomized Trials and Observational

Studies:

Bénédicte Colnet, Imke Mayer, Guanhua Chen, Awa Dieng, Ruohong Li, Gaél Varoquaux,

A Review

Jean-Philippe Vert, Julie Josse and Shu Yang

Abstract. 'With increasing data availability, causal effects can be evaluated
across different data sets, both randomized controlled trials (RCTs) and ob-
servational studies. RCTs isolate the effect of the treatment from that of un-
wanted (confounding) co-occurring effects but they may suffer from unrep-
resentativeness, and thus lack external validity. On the other hand, large ob-
servational samples are often more representative of the target population but
can conflate confounding effects with the treatment of interest. In this paper,
we review the growing literature on methods for causal inference on com-
bined RCTs and observational studies, striving for the best of both worlds.
We first discuss identification and estimation methods that improve gener-
alizability of RCTs using the representativeness of observational data. Clas-
sical estimators include weighting, difference between conditional outcome
models and doubly robust estimators. We then discuss methods that com-
bine RCTs and observational data to either ensure unconfoundedness of the
observational analysis or to improve (conditional) average treatment effect
estimation. We also connect and contrast works developed in both the poten-
tial outcomes literature and the structural causal model literature. Finally, we
compare the main methods using a simulation study and real world data to
analyze the effect of tranexamic acid on the mortality rate in major trauma
patients. A review of available codes and new implementations is also pro-

vided.
Key words and phrases:

Causal effect generalization, transportability, dou-

ble robustness, data integration, heterogeneous data, S-admissibility.
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A Conversation with Stephen M. Stigler

Sam Behseta and Robert E. Kass

Abstract.  Stephen M. Stigler received his Ph.D. in Statistics from the Uni-
versity of California, Berkeley, with a dissertation on the asymptotic distri-
bution of linear functions of order statistics. Starting in 1967, he taught at the
University of Wisconsin, Madison, then in 1979 moved to the University of
Chicago where he taught from 1979 to 2021. Stigler has worked on a variety
of topics in mathematical statistics, ranging from asymptotic theory to the
theory of experimental design, and on applications of statistics including in
anthropology, forensic science, paleontology, psychology, information trans-
fer and sports. In recent years, he has concentrated on the history of statistics,
with inquiries ranging from the development of statistical methods in astron-
omy and geodesy and their spread to biological and social sciences, to lot-
teries, to the modern development of statistical theory. He has published four
books, The History of Statistics (1986), Statistics on the Table (1999), The
Seven Pillars of Statistical Wisdom (2016) and Casanova’s Lottery (2022). A
recent research focus has been upon the way the work of Francis Galton on
the statistics of inheritance led to the creation of modern multivariate analy-
sis and made a true Bayesian inference possible, and on how R. A. Fisher’s
transformation of Karl Pearson’s path breaking research led to a modern pe-
riod of statistical enlightenment.

Stigler is an elected member of the American Academy of Arts and Sci-
ences and of the American Philosophical Society; he has served as President
of the Institute of Mathematical Statistics and of the International Statistical
Institute. In 2005, he received the Humboldt Foundation Research Award;
in 2010, he was elected Membre Associé of the Académie royale de Bel-
gique, Classe des Sciences. Stigler served as Theory and Methods Editor for
the Journal of the American Statistical Association 1979-1982. He was a
Guggenheim Fellow in 1977, and received awards for undergraduate teach-
ing at the University of Wisconsin (1971) and University of Chicago (1998).

This interview with Stigler was conducted remotely in July 2021.

Key words and phrases: Statistical training, history of statistics, University
of Chicago, academic life, statistical narrative.
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In Conversation with Sir David Spiegelhalter

and Professor Sylvia Richardson

Bhramar Mukherjee

Abstract.  Sir David Spiegelhalter and Professor Sylvia Richardson are two
eminent statisticians of our time who have made pioneering contributions
to Statistics and Data Science with careers spanning over more than four
decades. They have a long and celebrated legacy built through foundational
research in Bayesian statistics, impactful collaborations, steadfast profes-
sional service and superb scientific communications. They have won many
prestigious awards and recognitions throughout their distinguished careers.
During my sabbatical in 2022 at the University of Cambridge I had the honor
of sitting down for a conversation with these two remarkable individuals. We
discussed early career influences and digressions, research philosophy, role
of mentors and advice for the future generation. We hope this conversation
with David and Sylvia will inspire many future statisticians.

Key words and phrases: Bayesian Statistics, Imperial College, Markov
chain Monte Carlo, Medical Research Council, Royal Statistical Society, sci-

entific communication, University of Cambridge.
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