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Item Response Theory—A Statistical
Framework for Educational and
Psychological Measurement

Yunxiao Chen, Xiaoou Li, Jingchen Liu and Zhiliang Ying

Abstract.  Item response theory (IRT) has become one of the most popu-
lar statistical models for psychometrics, a field of study concerned with the
theory and techniques of psychological measurement. The IRT models are
latent factor models tailored to the analysis, interpretation and prediction of
individuals’ behaviors in answering a set of measurement items that typically
involve categorical response data. Many important questions of measurement
are directly or indirectly answered through the use of IRT models, including
scoring individuals’ test performances, validating a test scale, linking two
tests, among others. This paper provides a review of item response theory,
including its statistical framework and psychometric applications. We estab-
lish connections between item response theory and related topics in statistics,
including empirical Bayes, nonparametric methods, matrix completion, reg-
ularized estimation and sequential analysis. Possible future directions of IRT
are discussed from the perspective of statistical learning.

Key words and phrases: Psychometrics, measurement theory, factor analy-
sis, item response theory, latent trait, validity, reliability.
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Comment:
Thoughts on IRT

Paul De Boeck

Abstract.

Wondering and Mind-Wandering

I would like to congratulate Chen, Li, Liu and Ying for their ex-

cellent review paper. Based on their inspiring review, my comments focus
on fixed vs. random effects for persons and items, the reinterpretation of la-
tent variables as random effects instead of causal entities, the reevaluation of
local dependence, and potential biases of DIF detection methods. In conclu-
sion, like Chen et al., I see a broader potential for IRT than measurement.

Key words and phrases:
dependence, DIF.
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Abstract.

Inferential models have recently gained in popularity for valid

uncertainty quantification. In this paper, we investigate inferential models by
exploring relationships between inferential models, fiducial inference, and
confidence curves. In short, we argue that from a certain point of view, infer-
ential models can be viewed as fiducial distribution based confidence curves.
We show that all probabilistic uncertainty quantification of inferential models
is based on a collection of sets we name principle sets and principle asser-

tions.
Key words and phrases:

Confidence curve, confidence distribution,

Dempster—Shafer theory, fiducial inference, inferential model.
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A Geometric Perspective on Bayesian and

Generalized Fiducial Inference

Yang Liu®, Jan Hannig® and Alexander C. Murph

Abstract.  Post-data statistical inference concerns making probability state-
ments about model parameters conditional on observed data. When a priori
knowledge about parameters is available, post-data inference can be conve-
niently made from Bayesian posteriors. In the absence of prior information,
we may still rely on objective Bayes or generalized fiducial inference (GFI).
Inspired by approximate Bayesian computation, we propose a novel charac-
terization of post-data inference with the aid of differential geometry. Under
suitable smoothness conditions, we establish that Bayesian posteriors and
generalized fiducial distributions (GFDs) can be respectively characterized
by absolutely continuous distributions supported on the same differentiable
manifold: The manifold is uniquely determined by the observed data and the
data generating equation of the fitted model. Our geometric analysis not only
sheds light on the connection and distinction between Bayesian inference
and GFI, but also allows us to sample from posteriors and GFDs using mani-
fold Markov chain Monte Carlo algorithms. A repeated measures analysis of
variance example is presented to illustrate the sampling procedure.

Key words and phrases: Approximate Bayesian computation, Bayesian
inference, differentiable manifold, generalized fiducial inference, Markov

chain Monte Carlo.
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The Variance-Gamma Distribution: A Review

Adrian Fischer, Robert E. Gaunt and Andrey Sarantsev

Abstract. The variance-gamma (VG) distributions form a four-parameter
family which includes as special and limiting cases the normal, gamma and
Laplace distributions. Some of the numerous applications include financial
modelling and distributional approximation on Wiener space. In this review,
we provide an up-to-date account of the basic distributional theory of the
VG distribution. Properties covered include probability and cumulative dis-
tribution functions, generating functions, moments and cumulants, mode and
median, Stein characterisations, representations in terms of other random
variables, and a list of related distributions. We also review methods for pa-
rameter estimation and some applications of the VG distribution, including
the aforementioned applications to financial modelling and distributional ap-
proximation on Wiener space.

Key words and phrases: Variance-gamma distribution, distributional the-
ory, estimation, variance-gamma process, financial modelling, approximation
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Catalytic Priors:

Specify
Analysis

Prior Distributions in Bayesian

Dongming Huang®, Feicheng Wang, Donald B. Rubin and S. C. Kou

Abstract.  Catalytic prior distributions provide general, easy-to-use, and in-
terpretable specifications of prior distributions for Bayesian analysis. They
are particularly beneficial when the observed data are inadequate to stably
estimate a complex target model. A catalytic prior distribution is constructed
by augmenting the observed data with synthetic data that are sampled from
the predictive distribution of a simpler model estimated from the observed
data. We illustrate the usefulness of the catalytic prior approach using an
example from labor economics. In the example, the resulting Bayesian infer-
ence reflects many important aspects of the observed data, and the estimation
accuracy and predictive performance of the inference based on the catalytic
prior are superior to, or comparable to, that of other commonly used prior
distributions. We further explore the connection between the catalytic prior
approach and a few popular regularization methods. We expect the catalytic

Using Synthetic Data to

prior approach to be useful in many applications.

Key words and phrases:
regularization methods.
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On the

Multilevel Regression and Poststratification

Yajuan Si

Use of Auxiliary Variables in

Abstract. Multilevel regression and poststratification (MRP) is a popular
method for addressing selection bias in subgroup estimation, with broad ap-
plications across fields from social sciences to public health. In this paper, we
examine the inferential validity of MRP in finite populations, evaluating the
impact of poststratification and model specification. The success of MRP re-
lies on the availability of auxiliary information that is strongly related to the
outcome. To enhance the fitting performance of the outcome model, we rec-
ommend modeling the inclusion probabilities conditionally on auxiliary vari-
ables and incorporating flexible functions of estimated inclusion probabilities
as predictors in the mean structure. We present a statistical data integration
framework that yields robust inferences for probability and nonprobability
surveys, addressing various challenges in practical applications. Our simula-
tion studies indicate the statistical validity of MRP, which involves a trade-
off between bias and variance, with greater benefits for subgroup estimates
with small sample sizes, compared to alternative methods. We have applied
our methods to the Adolescent Brain Cognitive Development (ABCD) Study,
which collected information on U.S. children across multiple geographic lo-
cations to provide national representation, but is subject to selection bias as
a nonprobability sample. We focus on the cognition assessment measure of
diverse groups of children in the ABCD study and show that the use of aux-

(1]

(2]

(3]

(4]

(5]

iliary variables affects the findings on cognitive performance.

Key words and phrases:

Data integration, nonprobability sample, robust in-

ference, model-based, selection/nonresponse bias.

REFERENCES

BAKER, R., BRICK, J. M., BATES, N. A., BATTAGLIA, M.,
COUPER, M. P., DEVER, J. A. GILE, K. J. and
TOURANGEAU, R. (2013). Summary report of the AAPOR task
force on nonprobability sampling. J. Surv. Stat. Methodol. 1
90-143.

BANG, H. and ROBINS, J. M. (2005). Doubly robust estima-
tion in missing data and causal inference models. Biometrics
61 962-972. MR2216189 https://doi.org/10.1111/j.1541-0420.
2005.00377.x

BETHLEHEM, J. G. (2001). Weighting nonresponse adjustments
based on auxiliary information. In Survey Nonresponse R. M.
Groves, (D. A. Dillman, J. L. Eltinge and R. J. A. Little, eds.).
Wiley, New York.

BRADLEY, R. H. and CORWYN, R. F. (2002). Socioeconomic
status and child development. Annu. Rev. Psychol. 53 371-399.
https://doi.org/10.1146/annurev.psych.53.100901.135233
BREIDT, F. J., CLAESKENS, G. and OPSOMER, J. D. (2005).
Model-assisted estimation for complex surveys using penalised

(6]

(7]

(8]

(9]

[10]

splines. Biometrika 92 831-846. MR2234189 https://doi.org/10.
1093/biomet/92.4.831

BREIDT, F. J. and OPSOMER, J. D. (2017). Model-assisted sur-
vey estimation with modern prediction techniques. Statist. Sci.
32 190-205. MR3648955 https://doi.org/10.1214/16-STS589
BRONIECKI, P., LEEMANN, L. and WUEST, R. (2022). Im-
proved multilevel regression with poststratification through ma-
chine learning (autoMrP). J. Polit. 84 597-601.

BuTTICE, M. K. and HIGHTON, B. (2013). How does multi-
level regression and poststratification perform with conventional
national surveys? Polit. Anal. 21 449-467.

CHEN, Y., L1, P. and Wu, C. (2020). Doubly robust infer-
ence with nonprobability survey samples. J. Amer. Statist. Assoc.
115 2011-2021. MR4189773 https://doi.org/10.1080/01621459.
2019.1677241

COMPTON, W. M., DOWLING, G. J. and GARAVAN, H. (2019).
Ensuring the best use of data: The adolescent brain cogni-
tive development study. JAMA, J. Amer. Med. Assoc. South-
east Asia, Suppl., Pediatr. 173 809-810. https://doi.org/10.1001/
jamapediatrics.2019.2081

Yajuan Si is Research Associate Professor, Institute for Social Research, University of Michigan, Ann Arbor, Michigan 48104, USA
(e-mail: yajuan @umich.edu,).


https://imstat.org/journals-and-publications/statistical-science/
https://imstat.org/journals-and-publications/statistical-science/
https://doi.org/10.1214/24-STS932
https://doi.org/10.1214/24-STS932
https://www.imstat.org
https://www.imstat.org
https://orcid.org/0000-0001-8707-7374
https://orcid.org/0000-0001-8707-7374
https://mathscinet.ams.org/mathscinet-getitem?mr=2216189
https://mathscinet.ams.org/mathscinet-getitem?mr=2216189
https://doi.org/10.1111/j.1541-0420.2005.00377.x
https://doi.org/10.1111/j.1541-0420.2005.00377.x
https://doi.org/10.1146/annurev.psych.53.100901.135233
https://doi.org/10.1146/annurev.psych.53.100901.135233
https://mathscinet.ams.org/mathscinet-getitem?mr=2234189
https://mathscinet.ams.org/mathscinet-getitem?mr=2234189
https://doi.org/10.1093/biomet/92.4.831
https://doi.org/10.1093/biomet/92.4.831
https://mathscinet.ams.org/mathscinet-getitem?mr=3648955
https://mathscinet.ams.org/mathscinet-getitem?mr=3648955
https://doi.org/10.1214/16-STS589
https://doi.org/10.1214/16-STS589
https://mathscinet.ams.org/mathscinet-getitem?mr=4189773
https://mathscinet.ams.org/mathscinet-getitem?mr=4189773
https://doi.org/10.1080/01621459.2019.1677241
https://doi.org/10.1080/01621459.2019.1677241
https://doi.org/10.1001/jamapediatrics.2019.2081
https://doi.org/10.1001/jamapediatrics.2019.2081
mailto:yajuan@umich.edu
mailto:yajuan@umich.edu

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

(21]

[22]

(23]

(24]

[25]

[26]

(27]

(28]

COVELLO, L., GELMAN, A., S1, Y. and WANG, S. (2021). Rou-
tine hospital-based SARS-CoV-2 testing outperforms state-based
data in predicting clinical burden. Epidemiology 32 792-799.
DEVILLE, J.-C. and SARNDAL, C.-E. (1992). Calibration esti-
mators in survey sampling. J. Amer. Statist. Assoc. 87 376-382.
MR1173804 https://doi.org/10.1080/01621459.1992.10475217
DONG, Q., ELLIOTT, M. R. and RAGHUNATHAN, T. E. (2014).
A nonparametric method to generate synthetic populations to ad-
just for complex sampling design features. Surv. Methodol. 40
29-46.

DOWNES, M. and CARLIN, J. B. (2020). Multilevel regression
and poststratification versus survey sample weighting for esti-
mating population quantities in large population health studies.
Amer. J. Epidemiol. 189 717-725. https://doi.org/10.1093/aje/
kwaa053

DOWNES, M., GURRIN, L. C., ENGLISH, D. R., PIRKIS, J.,
CURRIER, D., SPITTAL, M. J. and CARLIN, J. B. (2018). Mul-
tilevel regression and poststratification: A modeling approach
to estimating population quantities from highly selected survey
samples. Amer. J. Epidemiol. 187 1780-1790. https://doi.org/10.
1093/aje/kwy070

ELLiOTT, M. R. and VALLIANT, R. (2017). Inference for
nonprobability samples. Statist. Sci. 32 249-264. MR3648958
https://doi.org/10.1214/16-STS598

FAy, R. E. III and HERRIOT, R. A. (1979). Estimates of income
for small places: An application of James—Stein procedures to
census data. J. Amer. Statist. Assoc. 74 269-277. MR0548019
GARAVAN, H., BARTSCH, H., CONWAY, K., DECASTRO, A.,
GOLDSTEIN, R. Z., HEERINGA, S., JERNIGAN, T., POT-
TER, A., THOMPSON, W. et al. (2018). Recruiting the ABCD
sample: Design considerations and procedures. Dev. Cogn. Neu-
rosci. 32 16-22. https://doi.org/10.1016/j.dcn.2018.04.004
GELMAN, A. and CARLIN, J. B. (2001). Poststratification
and weighting adjustments. In Survey Nonresponse (R. Groves,
D. Dillman, J. Eltinge and R. J. Little, eds.) Wiley, New York.
GELMAN, A. and CARPENTER, B. (2020). Bayesian analysis
of tests with unknown specificity and sensitivity. J. R. Stat. Soc.
Ser. C. Appl. Stat. 69 1269-1283. MR4166866 https://doi.org/10.
1111/rssc.12435

GELMAN, A., GOEL, S., RIVERS, D. and ROTHSCHILD, D.
(2016). The mythical swing voter. Q. J. Polit. Sci. 11 103-130.
GELMAN, A. and HILL, J. (2007). Data Analysis Using Re-
gression and Multilevel/Hierarchical Models. Cambridge Univ.
Press, Cambridge.

GELMAN, A. and LITTLE, T. C. (1997). Poststratification into
many categories using hierarchical logistic regression. Surv.
Methodol. 23 127-135.

GHITZA, Y. and GELMAN, A. (2013). Deep interactions with
MRP: Election turnout and voting patterns among small electoral
subgroups. Amer. J. Polit. Sci. 57 762-776.

GHOSH, M. (2020). Small area estimation: Its evolution in five
decades. Stat. Transit. 21 1-22.

GHOSH, M. and MEEDEN, G. (1997). Bayesian Methods
for Finite Population Sampling. Monographs on Statistics and
Applied Probability 79. CRC Press, London. MR1469494
https://doi.org/10.1007/978-1-4899-3416-1

GOODRICH, B. (2022). rstanarm: Bayesian applied regression
modeling via Stan version 2.21.3. Available at https://cran.
r-project.org/web/packages/rstanarm.

HEERINGA, S. G. and BERGLUND, P. A. (2020). A guide for
population-based analysis of the Adolescent Brain Cognitive De-
velopment (ABCD) study baseline data. https://doi.org/10.1101/
2020.02.10.942011

[29]
[30]

[31]

(32]

(33]

[34]

(35]

[36]

[37]

(38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

HoLrt, D. and SMITH, T. M. F. (1979). Post stratification. J. R.
Stat. Soc., A 142 33-46. MR0626773

KALTON, G. and KASPRZYK, D. (1988). The treatment of miss-
ing survey data. Surv. Methodol. 12 1-16.

KANG, J. D. Y. and SCHAFER, J. L. (2007). Demystifying dou-
ble robustness: A comparison of alternative strategies for esti-
mating a population mean from incomplete data. Statist. Sci. 22
523-539. MR2420458 https://doi.org/10.1214/07-STS227
KASTELLEC, J. P, LAX, J. R., MALECKI, M. and
PHILLIPS, J. H. (2015). Polarizing the electoral connection: Par-
tisan representation in Supreme Court confirmation politics. J.
Polit. 77 787-804.

KEIDING, N. and LoUuis, T. A. (2016). Perils and potentials of
self-selected entry to epidemiological studies and surveys. J. Roy.
Statist. Soc. Ser. A 179 319-376. MR3461587 https://doi.org/10.
1111/rssa. 12136

KiMm, J. K., PARK, S., CHEN, Y. and WU, C. (2021). Combin-
ing non-probability and probability survey samples through mass
imputation. J. Roy. Statist. Soc. Ser. A 184 941-963. MR4305566
https://doi.org/10.1111/rssa.12696

KiM, J.-K. and TAM, S.-M. (2021). Data integration by com-
bining big data and survey sample data for finite population infer-
ence. Int. Stat. Rev. 89 382-401. MR4411911 https://doi.org/10.
1111/insr.12434

LAHIRI, P. and MUKHERJEE, K. (2007). On the design-
consistency property of hierarchical Bayes estimators in finite
population sampling. Ann. Statist. 35 724-737. MR2336865
https://doi.org/10.1214/009053606000001262

LAu, A. (2018). Comparing MRP to  rak-
ing for online opt-in polls. Available at
https://medium.com/pew-research-center-decoded/comparing-
mrp-to-raking-for-online-opt-in-polls-b05444d9931d.
LAUDERDALE, B. E., BAILEY, D., BLUMENAU, J. and
RIVERS, D. (2020). Model-based pre-election polling for na-
tional and sub-national outcomes in the US and UK. Int. J. Fore-
cast. 36 399-413.

LAX, J. R. and PHILLIPS, J. H. (2009). Gay rights in the states:
Public opinion and policy responsiveness. Amer. Polit. Sci. Rev.
103 367-386.

LAX, J. R. and PHILLIPS, J. H. (2009). How should we estimate
public opinion in the states? Amer. J. Polit. Sci. 53 107-121.
LEEMANN, L. and WASSERFALLEN, F. (2017). Extending the
use and prediction precision of subnational public opinion esti-
mation. Amer. J. Polit. Sci. 61 1003-1022.

L1, K. and S1, Y. (2024). Embedded multilevel regression and
poststratification: Model-based inference with incomplete auxil-
iary information. Stat. Med. 43 256-278. MR4684815

LITTLE, R. J. A. (1983). Comment on “An evaluation of model-
dependent and probability-sampling inferences in sample sur-
veys”, by M. H. Hansen, W. G. Madow and B. J. Tepping. J.
Amer. Statist. Assoc. 78 797-799. MR0664675

LITTLE, R. J. A. (1986). Survey nonresponse adjustments for
estimates of means. Int. Stat. Rev. 54 139-157.

LITTLE, R. J. A. (1993). Post-stratification: A modeler’s per-
spective. J. Amer. Statist. Assoc. 88 1001-1012.

LITTLE, R. and AN, H. (2004). Robust likelihood-based anal-
ysis of multivariate data with missing values. Statist. Sinica 14
949-968. MR2089342

LITTLE, R. J. A. and VARTIVARIAN, S. (2005). Does weight-
ing for nonresponse increase the variance of survey means? Surv.
Methodol. 31 161-168.

LITTLE, R. J. A., WEST, B. T., BOONSTRA, P. S. and HuU, J.
(2020). Measures of the degree of departure from ignorable sam-
ple selection. J. Surv. Stat. Methodol. 8 932-964.


https://mathscinet.ams.org/mathscinet-getitem?mr=1173804
https://mathscinet.ams.org/mathscinet-getitem?mr=1173804
https://doi.org/10.1080/01621459.1992.10475217
https://doi.org/10.1080/01621459.1992.10475217
https://doi.org/10.1093/aje/kwaa053
https://doi.org/10.1093/aje/kwaa053
https://doi.org/10.1093/aje/kwy070
https://doi.org/10.1093/aje/kwy070
https://mathscinet.ams.org/mathscinet-getitem?mr=3648958
https://mathscinet.ams.org/mathscinet-getitem?mr=3648958
https://doi.org/10.1214/16-STS598
https://doi.org/10.1214/16-STS598
https://mathscinet.ams.org/mathscinet-getitem?mr=0548019
https://mathscinet.ams.org/mathscinet-getitem?mr=0548019
https://doi.org/10.1016/j.dcn.2018.04.004
https://doi.org/10.1016/j.dcn.2018.04.004
https://mathscinet.ams.org/mathscinet-getitem?mr=4166866
https://mathscinet.ams.org/mathscinet-getitem?mr=4166866
https://doi.org/10.1111/rssc.12435
https://doi.org/10.1111/rssc.12435
https://mathscinet.ams.org/mathscinet-getitem?mr=1469494
https://mathscinet.ams.org/mathscinet-getitem?mr=1469494
https://doi.org/10.1007/978-1-4899-3416-1
https://doi.org/10.1007/978-1-4899-3416-1
https://cran.r-project.org/web/packages/rstanarm
https://cran.r-project.org/web/packages/rstanarm
https://doi.org/10.1101/2020.02.10.942011
https://doi.org/10.1101/2020.02.10.942011
https://mathscinet.ams.org/mathscinet-getitem?mr=0626773
https://mathscinet.ams.org/mathscinet-getitem?mr=0626773
https://mathscinet.ams.org/mathscinet-getitem?mr=2420458
https://mathscinet.ams.org/mathscinet-getitem?mr=2420458
https://doi.org/10.1214/07-STS227
https://doi.org/10.1214/07-STS227
https://mathscinet.ams.org/mathscinet-getitem?mr=3461587
https://mathscinet.ams.org/mathscinet-getitem?mr=3461587
https://doi.org/10.1111/rssa.12136
https://doi.org/10.1111/rssa.12136
https://mathscinet.ams.org/mathscinet-getitem?mr=4305566
https://mathscinet.ams.org/mathscinet-getitem?mr=4305566
https://doi.org/10.1111/rssa.12696
https://doi.org/10.1111/rssa.12696
https://mathscinet.ams.org/mathscinet-getitem?mr=4411911
https://mathscinet.ams.org/mathscinet-getitem?mr=4411911
https://doi.org/10.1111/insr.12434
https://doi.org/10.1111/insr.12434
https://mathscinet.ams.org/mathscinet-getitem?mr=2336865
https://mathscinet.ams.org/mathscinet-getitem?mr=2336865
https://doi.org/10.1214/009053606000001262
https://doi.org/10.1214/009053606000001262
https://medium.com/pew-research-center-decoded/comparing-mrp-to-raking-for-online-opt-in-polls-b05444d9931d
https://medium.com/pew-research-center-decoded/comparing-mrp-to-raking-for-online-opt-in-polls-b05444d9931d
https://medium.com/pew-research-center-decoded/comparing-mrp-to-raking-for-online-opt-in-polls-b05444d9931d
https://medium.com/pew-research-center-decoded/comparing-mrp-to-raking-for-online-opt-in-polls-b05444d9931d
https://mathscinet.ams.org/mathscinet-getitem?mr=4684815
https://mathscinet.ams.org/mathscinet-getitem?mr=4684815
https://mathscinet.ams.org/mathscinet-getitem?mr=0664675
https://mathscinet.ams.org/mathscinet-getitem?mr=0664675
https://mathscinet.ams.org/mathscinet-getitem?mr=2089342
https://mathscinet.ams.org/mathscinet-getitem?mr=2089342

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

LITTLE, R. J. A. and WU, M.-M. (1991). Models for contin-
gency tables with known margins when target and sampled pop-
ulations differ. J. Amer. Statist. Assoc. 86 87-95.

MAKELA, S., SI, Y. and GELMAN, A. (2018). Bayesian infer-
ence under cluster sampling with probability proportional to size.
Stat. Med. 37 3849-3868. MR3869158 https://doi.org/10.1002/
sim.7892

MENG, X.-L. (2018). Statistical paradises and paradoxes in big
data (I): Law of large populations, big data paradox, and the
2016 US presidential election. Ann. Appl. Stat. 12 685-726.
MR3834282 https://doi.org/10.1214/18-AOAS1161SF
ORNSTEIN, J. T. (2020). Stacked regression and poststratifica-
tion. Polit. Anal. 28 293-301.

RAFEIL A., FLANNAGAN, C. A. C. and ELLIOTT, M. R. (2018).
Big data for finite population inference: Applying quasi-random
approaches to naturalistic driving data using Bayesian additive
regression trees. J. Surv. Stat. Methodol. 8 148—180. MR3858513
https://doi.org/10.4310/S11.2018.v11.n4.al

REILLY, C., GELMAN, A. and KATZz, J. (2001). Poststratifi-
cation without population level information on the poststrat-
ifying variable with application to political polling. J. Amer.
Statist. Assoc. 96 1-11. MR1973779 https://doi.org/10.1198/
016214501750332640

RUBIN, D. B. (1976). Inference and missing data. Biometrika 63
581-592. With comments by R. J. A. Little and a reply by the
author. MR0455196 https://doi.org/10.1093/biomet/63.3.581
RUBIN, D. B. (1983). Comment on “An evaluation of model-
dependent and probability-sampling inferences in sample sur-
veys,” by M. H. Hansen, W. G. Madow and B. J. Tepping. J.
Amer. Statist. Assoc. 78 803-805.

SARNDAL, C.-E., SWENSSON, B. and WRETMAN, J. (1992).
Model Assisted Survey Sampling. Springer Series in Statis-
tics. Springer, New York. MR1140409 https://doi.org/10.1007/
978-1-4612-4378-6

S1, Y. (2025). Supplement to “On the use of auxiliary variables
in multilevel regression and poststratification.” https://doi.org/10.
1214/24-STS932SUPP

S1, Y., CovELLO, L., WANG, S., CovELLO, T. and GEL-
MAN, A. (2022). Beyond vaccination rates: A synthetic random
proxy metric of total SARS-CoV-2 immunity seroprevalence in
the community. Epidemiology 33 457-464.

S1, Y., PILLAL, N. S. and GELMAN, A. (2015). Bayesian non-
parametric weighted sampling inference. Bayesian Anal. 10 605—
625. MR3420817 https://doi.org/10.1214/14-BA924

SI, Y., TRANGUCCI, R., GABRY, J. S. and GELMAN, A. (2020).
Bayesian hierarchical weighting adjustment and survey infer-
ence. Surv. Methodol. 46 181-214.

SI, Y. and ZHOU, P. (2021). Bayes-raking: Bayesian finite pop-
ulation inference with known margins. J. Surv. Stat. Methodol. 9
833-855.

SMITH, T. M. F. (1983). On the validity of inferences from
nonrandom samples. J. Roy. Statist. Soc. Ser. A 146 394-403.
MRO0769995 https://doi.org/10.2307/2981454

STAN DEVELOPMENT TEAM (2020). RStan: The R interface to
Stan. Available at https://CRAN.R-project.org/package=rstan.

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

[78]

[79]

TAN, Z. (2007). Comment: Understanding OR, PS and DR.
Statist. Sci. 22 560-568. MR2420461 https://doi.org/10.1214/
07-STS227A

TANG, X., GHOSH, M., HA, N. S. and SEDRANSK, J. (2018).
Modeling random effects using global-local shrinkage priors in
small area estimation. J. Amer. Statist. Assoc. 113 1476-1489.
MR3902223 https://doi.org/10.1080/01621459.2017.1419135
VALLIANT, R. (2020). Comparing alternatives for estimation
from nonprobability samples. J. Surv. Stat. Methodol. 8 231-263.
VALLIANT, R., DEVER, J. A. and KREUTER, F. (2013). Practi-
cal Tools for Designing and Weighting Survey Samples. Statis-
tics for Social and Behavioral Sciences. Springer, New York.
MR3088726 https://doi.org/10.1007/978-1-4614-6449-5
VoLkow, N. D., Koo, G. F., CroYyLE, R. T,
BIANCHI, D. W., GORDON, J. A., KOROSHETZ, W. J,
PEREZ-STABLE, E. J., RILEY, W. T., BLoCcH, M. H. et al.
(2018). The conception of the ABCD study: From substance use
to a broad NIH collaboration. Dev. Cogn. Neurosci. 2018 4-7.
WANG, L., GRAUBARD, B. 1., KATKI, H. A. and L1, Y. (2020).
Improving external validity of epidemiologic cohort analyses: A
kernel weighting approach. J. Roy. Statist. Soc. Ser. A 183 1293—
1311. MR4114487 https://doi.org/10.1111/rssa.12564

WANG, W., ROTHSCHILD, D., GOEL, S. and GELMAN, A.
(2015). Forecasting elections with non-representative polls. Int.
J. Forecast. 31 980-991.

YANG, S. and KiM, J. K. (2020). Statistical data integration in
survey sampling: A review. Jpn. J. Stat. Data Sci. 3 625-650.
MR4181993 https://doi.org/10.1007/s42081-020-00093-w
YANG, S., KiM, J. K. and SONG, R. (2020). Doubly robust in-
ference when combining probability and non-probability samples
with high dimensional data. J. R. Stat. Soc. Ser. B. Stat. Methodol.
82 445-465. MR4084171

YoucGov (2020). 2020 presidential election model. Available at
https://today.yougov.com/2020- presidential-election.
ZAHORSKI, A. (2020). Multilevel regression with poststratifica-
tion for the national level Viber/Street poll on the 2020 presiden-
tial election in Belarus. Available at https://arxiv.org/abs/2009.
06615.

ZANGENEH, S. Z. and LITTLE, R. J. A. (2015). Bayesian infer-
ence for the finite population total from a heteroscedastic proba-
bility proportional to size sample. J. Surv. Stat. Methodol. 3 162—
192.

ZHANG, G. and LITTLE, R. (2009). Extensions of the penalized
spline of propensity prediction method of imputation. Biometrics
65 911-918. MR2649864 https://doi.org/10.1111/j.1541-0420.
2008.01155.x

ZHANG, X., HoLT, J. B., YUN, S., LU, H., GREENLUND, K. J.
and CROFT, J. B. (2015). Validation of multilevel regression
and poststratification methodology for small area estimation of
health indicators from the behavioral risk factor surveillance sys-
tem. Amer. J. Epidemiol. 182 127-137. https://doi.org/10.1093/
aje/kwv002

ZHou, H., ELLIOTT, M. R. and RAGHUNATHAN, T. E.
(2016). A two-step semiparametric method to accommodate
sampling weights in multiple imputation. Biometrics 72 242—
252. MR3500593 https://doi.org/10.1111/biom.12413


https://mathscinet.ams.org/mathscinet-getitem?mr=3869158
https://mathscinet.ams.org/mathscinet-getitem?mr=3869158
https://doi.org/10.1002/sim.7892
https://doi.org/10.1002/sim.7892
https://mathscinet.ams.org/mathscinet-getitem?mr=3834282
https://mathscinet.ams.org/mathscinet-getitem?mr=3834282
https://doi.org/10.1214/18-AOAS1161SF
https://doi.org/10.1214/18-AOAS1161SF
https://mathscinet.ams.org/mathscinet-getitem?mr=3858513
https://mathscinet.ams.org/mathscinet-getitem?mr=3858513
https://doi.org/10.4310/SII.2018.v11.n4.a1
https://doi.org/10.4310/SII.2018.v11.n4.a1
https://mathscinet.ams.org/mathscinet-getitem?mr=1973779
https://mathscinet.ams.org/mathscinet-getitem?mr=1973779
https://doi.org/10.1198/016214501750332640
https://doi.org/10.1198/016214501750332640
https://mathscinet.ams.org/mathscinet-getitem?mr=0455196
https://mathscinet.ams.org/mathscinet-getitem?mr=0455196
https://doi.org/10.1093/biomet/63.3.581
https://doi.org/10.1093/biomet/63.3.581
https://mathscinet.ams.org/mathscinet-getitem?mr=1140409
https://mathscinet.ams.org/mathscinet-getitem?mr=1140409
https://doi.org/10.1007/978-1-4612-4378-6
https://doi.org/10.1007/978-1-4612-4378-6
https://doi.org/10.1214/24-STS932SUPP
https://doi.org/10.1214/24-STS932SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=3420817
https://mathscinet.ams.org/mathscinet-getitem?mr=3420817
https://doi.org/10.1214/14-BA924
https://doi.org/10.1214/14-BA924
https://mathscinet.ams.org/mathscinet-getitem?mr=0769995
https://mathscinet.ams.org/mathscinet-getitem?mr=0769995
https://doi.org/10.2307/2981454
https://doi.org/10.2307/2981454
https://CRAN.R-project.org/package=rstan
https://CRAN.R-project.org/package=rstan
https://mathscinet.ams.org/mathscinet-getitem?mr=2420461
https://mathscinet.ams.org/mathscinet-getitem?mr=2420461
https://doi.org/10.1214/07-STS227A
https://doi.org/10.1214/07-STS227A
https://mathscinet.ams.org/mathscinet-getitem?mr=3902223
https://mathscinet.ams.org/mathscinet-getitem?mr=3902223
https://doi.org/10.1080/01621459.2017.1419135
https://doi.org/10.1080/01621459.2017.1419135
https://mathscinet.ams.org/mathscinet-getitem?mr=3088726
https://mathscinet.ams.org/mathscinet-getitem?mr=3088726
https://doi.org/10.1007/978-1-4614-6449-5
https://doi.org/10.1007/978-1-4614-6449-5
https://mathscinet.ams.org/mathscinet-getitem?mr=4114487
https://mathscinet.ams.org/mathscinet-getitem?mr=4114487
https://doi.org/10.1111/rssa.12564
https://doi.org/10.1111/rssa.12564
https://mathscinet.ams.org/mathscinet-getitem?mr=4181993
https://mathscinet.ams.org/mathscinet-getitem?mr=4181993
https://doi.org/10.1007/s42081-020-00093-w
https://doi.org/10.1007/s42081-020-00093-w
https://mathscinet.ams.org/mathscinet-getitem?mr=4084171
https://mathscinet.ams.org/mathscinet-getitem?mr=4084171
https://today.yougov.com/2020-presidential-election
https://today.yougov.com/2020-presidential-election
https://arxiv.org/abs/2009.06615
https://arxiv.org/abs/2009.06615
https://mathscinet.ams.org/mathscinet-getitem?mr=2649864
https://mathscinet.ams.org/mathscinet-getitem?mr=2649864
https://doi.org/10.1111/j.1541-0420.2008.01155.x
https://doi.org/10.1111/j.1541-0420.2008.01155.x
https://doi.org/10.1093/aje/kwv002
https://doi.org/10.1093/aje/kwv002
https://mathscinet.ams.org/mathscinet-getitem?mr=3500593
https://mathscinet.ams.org/mathscinet-getitem?mr=3500593
https://doi.org/10.1111/biom.12413
https://doi.org/10.1111/biom.12413

Statistical Science
2025, Vol. 40, No. 2, 289-312
https://doi.org/10.1214/24-STS938

© Institute of Mathematical Statistics, 2025

Orthogonal and Linear Regressions and

Pencils

of Confocal Quadrics

Viadimir Dragovi¢® and Borislav Gaji¢

Abstract.  This paper enhances and develops bridges between statistics, me-
chanics, and geometry. For a given system of points in R¥ representing a
sample of full rank, we construct an explicit pencil of confocal quadrics with
the following properties: (i) All the hyperplanes for which the hyperplanar
moments of inertia for the given system of points are equal, are tangent to
the same quadrics from the pencil of quadrics. As an application, we develop
regularization procedures for the orthogonal least square method, analogues
of lasso and ridge methods from linear regression. (ii) For any given point P
among all the hyperplanes that contain it, the best fit is the tangent hyper-
plane to the quadric from the confocal pencil corresponding to the maximal
Jacobi coordinate of the point P; the worst fit among the hyperplanes con-
taining P is the tangent hyperplane to the ellipsoid from the confocal pencil
that contains P. The confocal pencil of quadrics provides a universal tool
to solve the restricted principal component analysis restricted at any given
point. Both results (i) and (ii) can be seen as generalizations of the classical
result of Pearson on orthogonal regression. They have natural and important
applications in the statistics of the errors-in-variables models (EIV). For the
classical linear regressions we provide a geometric characterization of hy-
perplanes of least squares in a given direction among all hyperplanes which
contain a given point. The obtained results have applications in restricted re-
gressions, both ordinary and orthogonal ones. For the latter, a new formula
for test statistic is derived. The developed methods and results are illustrated
in natural statistics examples.

Key words and phrases: Data ellipsoid, confocal pencil of quadrics, pla-
nar moments of inertia, restricted regression, regularization and shrinkage,
restricted PCA.
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Cox Reduction and Confidence Sets of
Models:

A Theoretical Elucidation

Rebecca M. Lewis and Heather S. Battey

Abstract. For sparse high-dimensional regression problems, Battey and
Cox (Proc. R. Soc. Lond. A 474 (2018) 20170631) and Cox and Battey (Proc.
Natl. Acad. Sci. USA 114 (2017) 8592-8595) emphasised the need for con-
fidence sets of models: an enumeration of those small sets of variables that
fit the data equivalently well in a suitable statistical sense. This is to be con-
trasted with the single model returned by penalised regression procedures,
effective for prediction but potentially misleading for subject-matter under-
standing. The proposed construction of such sets relied on preliminary reduc-
tion of the full set of variables. While various possibilities could be consid-
ered for this, Cox and Battey (Proc. Natl. Acad. Sci. USA 114 (2017) 8592—-
8595) proposed a succession of regression fits based on incomplete block
designs. The purpose of the present paper is to provide some new insight into
that work. For an unspecified reduction strategy, we begin by characterising
models that are likely to be retained in the model confidence set, emphasis-
ing geometric aspects. We then evaluate possible reduction schemes based
on penalised regression or marginal screening, before theoretically elucidat-
ing the reduction of Cox and Battey (Proc. Natl. Acad. Sci. USA 114 (2017)
8592-8595). We identify features of the covariate matrix that may reduce its
efficacy, and indicate improvements to the original proposal. An advantage
of the approach is its ability to reveal its own stability or fragility for the data
at hand.

Key words and phrases: Genomics, high-dimensional regression, model
uncertainty, partially balanced incomplete block arrangements, sparsity.
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A Conversation with Vijay Nair

Elizaveta Levina and Naveen N. Narisetty

Abstract.  Vijayan N. Nair (Vijay) was born in Malaysia. He received his
undergraduate degree in Economics from the University of Malaya and his
Ph.D. in Statistics from the University of California, Berkeley. He spent 15
years as a Research Scientist at Bell Labs in New Jersey before turning to aca-
demic life at the University of Michigan in 1993. He was Donald A. Darling
Collegiate Professor of Statistics and Professor of Industrial and Operations
Engineering at Michigan, and he also served as department chair of Statis-
tics for over 10 years and cofounded the Michigan Institute for Data Science.
After retiring from Michigan in 2016, he moved to Wells Fargo, where he is
currently Head of a Research and Development Group.

Vijay has broad research interests and has contributed to industrial and en-
gineering statistics, reliability, design and analysis of experiments, network
tomography and behavioral interventions. His current research interests in-
clude risk modeling, machine learning and generative Al. He is a Fellow of
the American Statistical Association, the Institute of Mathematical Statistics,
the American Society for Quality and the American Association for the Ad-
vancement of Science. He delivered the Deming Lecture at the Joint Statisti-
cal Meetings in 2013 and the Gosset Lecture at the World Statistics Congress
in 2017. His extensive record of service to the profession includes serving as
Coeditor-in-Chief of the International Statistical Review for two terms, Ed-
itor of Technometrics, President of the International Statistical Institute and
President of the International Society for Business and Industrial Statistics.
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rexoots Exponential Families in Theory

Exponential and Practice
Families in
Theory and
Practice
Bradley Efron

Bradley Efron, Stanford University

During the past half-century, exponential families have attained
a position at the center of parametric statistical inference.
Theoretical advances have been matched, and more than
matched, in the world of applications, where logistic regression
by itself has become the go-to methodology in medical statistics,
computer-based prediction algorithms, and the social sciences.
This book is based on a one-semester graduate course for first
year Ph.D. and advanced master’s students. After presenting
the basic structure of univariate and multivariate exponential
Hardback 5105.00 families, their application to generalized linear models including
Paperback $39.99 logistic and Poisson regression is described in detail, emphasizing
IMS members are geometrical ideas, computational practice, and the analogy with
entitled to a 40% ordinary linear regression. Connections are made with a variety of
discount: email current statistical methodologies: missing data, survival analysis
ims@imstat.org and proportional hazards, false discovery rates, bootstrapping,
D requzst and empirical Bayes analysis. The book connects exponential
your code family theory with its applications in a way that doesn't require
advanced mathematical preparation.

www.imstat.org/cup/

Cambridge University Press, with the Institute of Mathematical Statistics, established
the IMS Monographs and IMS Textbooks series of high-quality books. The series
editors are Mark Handcock, Ramon van Handel, Arnaud Doucet, and John Aston.



